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Abstract. Let S he a, one-parameter family of elliptic curves over Q. We prove that the 
average root number is zero for a large class of families of elliptic curves of fairly general 
type. Furthermore, we show that any family S with at least one point of multiplicative 
reduction over Q(r) has average root number 0, provided that two classical arithmetical 
conjectures hold for two polynomials constructed explicitly in terms of S". The behaviour 
of the root number in any family <f without multiplicative reduction over Q(r) is shown 
to be rather regular and non-random; we give expressions for the average root number 
in this case. 
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1. Introduction 

The precise statement of the main results (listed and discussed in §2.3p requires a 
non-trivial amount of definitions and notation. Let us first discuss problems and results 
informally. 

1.1. Summary of results. Let E be an elliptic curve over Q. Its root number W {E) = ±1 
is the sign of its functional equation: 

A-(?-^)/'(27r)^-2r(2 - s)L{E, 2 - s) = W{E)Mf{2^)-'T{s)L{E, s), 

where Me is the conductor of E. Given an elliptic curv43 ^ over Q{T), one may ask how 
W{(o{t)) varies as t € Q varies. 

The natural expectation is that W{^{t)) be equidistributed. We will see that this 
holds in a strong sense whenever S' has at least one place of multiplicative reduction, 
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^ We will speak interchangeably about a family of elliptic curves over a field K and an elliptic curve 
over K{T). In other words, we will always understand family to mean family fibred over the projective line. 
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provided that two standard arithmetical conjectures hold. Since the conjectures have 
been proved in some cases, the result is unconditional for some families. If S has no places 
of multiplicative reduction, the average of W{i§{ty) need no longer be zero; we will obtain 
an expression for the average as an infinite product. 

If the equidistribution of W{^S{ty) were proven unconditionally for any S for which our 
results are merely conditional, a standard and currently intractable conjecture in number 
theory would follow. Thus, we seem to be closing the subject of the distribution of the 
root numbers of elliptic curves for the time being. 

The behaviour of (t)) will be shown to depend strongly on the arithmetic of Z. 
Consider the following examples, for which our results are unconditional: 

y'^ = - [t- l)2tx/48 - - l)^t/864 has av. root number for t G Z 

y2 _ ^3 _ xjVl — (11 + 1)/864 has av. root number for t G Q 

= — x/16 — (2 + 7t)/864 has av. root number for t G Q 

y2 = ^3 _ - 4t + t^)x - 3^4(3 + 9t - + t^) has av. root number for t G Q 

= x{x + a)(x + 6) has av. root number for a, 6 G Z. 

(Here "av." stands for "average". When taking averages over Q, we order Q by height; 
see ^2.11 ) We will see that the fact that the first family has average root number over 
every arithmetic progression is equivalent to the fact that the Liouville function A (or the 
Mobius function /i) averages to zero over every arithmetic progression. The remaining 
examples follow from (and imply) particular cases of the recently solved parity problem 
for degree 3 ( |20] , [19] ; cf. [11] , [16] , [17j ) . The last example does not require the apparatus 
developed in the body of this paper, and will be dealt with briefly (Prop. IC^ . It reduces 
to essentially the same problem as the second example. 

Consider now the following example: 

S:y' = x^- ^f,{t)f2mh{tf - hitf fx - ^^{h{tf + f2{tf){h{tf - f2{tff, 

where fi{t) = -5 - 2*^, /s = 2 + St^. We will prove (unconditionally) that (f (t) has 
average root number —0.15294. . . as i varies over Q dEHU). Notice that the family has 
no points of multiplicative reduction as a curve over Q(T); only when this is the case can 
the average be non-zero over Q. (The exclusion of all other cases is conditional on the 
conjectures already mentioned.) 

Given any family without points of multiplicative reduction over Q(T), we will express 
the average root number of ^{t) for t varying over Q or Z as an infinite product ( ^7.4t 
(f7:2T]l and <^32il). 

* * * 

Applications. Joint work with B. Conrad and K. Conrad ([S]), stemming from the 
present paper, has shown that, over function fields ¥q{u), there are families (f with places 
of multiplicative reduction and constant root number. At issue is a deep difference between 
the arithmetic of Z and the arithmetic of Vq{u) ([3)- 

If the Birch-Swinnerton-Dyer conjecture holds, then iank{^(t){K)) > rank((f (i^(T))) + 
i(l - W^((f(t))(-1)'^^°'^('^(^(^)))) for ah but finitely many t € K {by the specialisation 
theorem; vd. [33]) Thm. C). Thus, the average root number gives a lower bound for the 
rank; this fact is used in [5] to construct families with excess rank. The distribution of 
the root number is also crucial to issues of the distribution of the zeroes of L-functions of 
elliptic curves; see |24] for an application of the main result of the present paper. 
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1.2. The analytical crux of the problem. It is well-known that there is a general 
expression 

(1.1) W{E) = -llWp{E), 

p 

where Wp is a function defined on elliptic curves over Qp (the local root number). However, 
we cannot conclude that 

(1.2) av2;W((f(n)) = - JJ / Wp{c^{x))dx (FALLACY!) 

p J 

where avz/(f^) is the average limTv^oo ;^ l^^=i /("•)• One simply cannot do this with 
infinite products. In fact, there are many cases when (jl.2p is false, though a different 
expression for the average as a product of p-adic integrals is possible (Corollaries 17.41 and 
17.51 and Propositions 17.91 and I7.10p . 

(Even if we did not have an infinite product, we would have to be a little careful. 
Consider the function /ip : Qp ^ C given by 

hp{x) = 

The average of hp{x) over Z or Q has to be zero, since hp{x) is identically on Q. At the 
same time, hp{x)dx = 1, and ^ 1.) 

Our main task will be to show that the infinite product W{S'{t)) = — Y\p Wp{S{t)) can 
be rewritten as a something close to finite product of functions that are locally constant 
almost everywhere, times a function of the form A(P(t)), where A is the well-known Liou- 
ville function and P is a polynomial. (We will actually be able to do this for all families 

over K{T), where K is any global field of characteristic 7^ 2,3. Only Section [7] will be 
specifically about K = Q.) Once we have rewritten the root number in this fashion, we 
will be able to compute averages correctly. 

The fact that av^ W{S'{n)) = in the general case will be one of our two main condi- 
tional results; it will be conditional on, and indeed shown to be equivalent to, a difficult 
conjecture that remains open in general, viz., that A(P(n)), P a polynomial, averages to 
zero. The other main conditional result will be avQ W{S'{t)) = - again, in the general 
case; there are special families for which the average is non-zero, and we will classify them 
and determine their average root numbers. 

Our conditional results (av^ H^((f (n)) = 0, avQW{S'{t)) = 0) are unconditional when 
the polynomial P we must use is one of those for which the conjecture on A(P(n)) has 
been proven. Some of these cases of the conjecture are due to the author ([H], [20]). 

1.3. Acknowledgements. The author is most grateful to H. Iwaniec for bringing the 
main subject of this paper to his attention in the correct belief that an analytic problem 
lurked under the surface. The advice of B. Conrad and K. Conrad was in general quite 
valuable. Thanks are also due to C. Hall, for many conversations on elliptic curves, to G. 
Harcos, for his advice on formalism, to S. Kobayashi, S. J. Miller, O. Rizzo and D. Rohrlich, 
for discussions on their work, and to X. Xarles, who pointed out errors in the appendices. 
The opinions of an anonymous referee also proved very useful. Some computations in the 
appendices were done by SAGE v3.2.1, a free open-source mathematics software system. 

2. Overview 
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2.1.1. Fields, places and polynomials. By a global field we shall mean either (a) a number 
field, or (b) a function field over a finite field. 

Let K he a. global field. Given a place v of K{T), we define the homogeneous polynomial 
Pv = y'^'^^^Qv{x/y) if V is given by a polynomial G -f^W; and = y if t; = deg(den) — 
deg(num). The choice among all for a given u is arbitrary; thus, given a finite, non- 
empty set V of places of K, we may assume G ^K,v[x,y]. 

We say that / G ^/^y [x] (resp. / G ^ft:^ [x, y]) is square-free if there are no polynomials 
/i, /2 G /^N, /i ^ K (resp. /i, /2 G y], /i ^ K) such that / = /f • /s. 

Let he an elliptic curve over K(T). Define the homogeneous polynomials 

(2.1) M^= H P„ B^= H P„ 

S has mult. red. at u S has q. bad red. at v 

where we say that S has quite bad reduction at v if every quadratic twist of S has bad 
reduction at v. Both Mg and Bg are square-free. See ^6.2.11 for criteria for determining 
the reduction type. 

2.1.2. Averages. We will average functions over the integers, over arithmetic progressions, 
over subsets of Z^, and over the rationals; we will order Z'^ and the rationals by height. 
More precisely, we proceed as follows. Given a function / : Z ^ C and an arithmetic 
progression a + mZ, we define 

(2.2) ^^'^+-^^ = ;v^^ooiVM ^ 

' l<n<N 
n=a mod m 

If &Va+mZ / = for all a G Z, m G Z+, we say that / has strong zero average over the 
integers. Given a function / : Z^ — > C, a lattice coset a + L C 7? and a sector S C 
(see ^3.6p . we define 

(2.3) av,n(.+L)/ = Jim /(x,y). 

Here and henceforth, |A| denotes the number of elements of a set A. We say that / has 
strong zero average over 1? if ^s<r\{a+L) / = for all choices of S and a -|- L. 

Given a function / : Q ^ Z, a lattice coset a -|- L C Z^ and a sector S C M^, we define 

, . , E(x,y)g5n(a+L)n[-iV,jV]2,gcd(x,^)=l,yy^o/(^/^) 

(2.4) avQ,5n(a+L) / - ^inn^ |{(x, y) G 5 n (a + L) n [-iV, iV]2 : gcd(x, y) = 1}| ' 

We say that / has strong zero average over the rationals if av^ ^pi^^.^,^) / = for all choices 
of S and a+L. We are making our definition of "strong zero average" strict enough for it to 
be invariant under fractional linear transformations. Moreover, by letting 5 be arbitrary, 
we allow sampling to be restricted to any open interval in Q. Thus our results will not be 
imputable to peculiarities in averaging order or to superficial cancellation. 

In all of the above averages, we allow the function / to be undefined for finitely many 
possible values of the variables. (If we change /(7) and only /(7), the average mif{n) 
does not change; hence we may take the average of a function that is undefined at 7 and 
only at 7.) 

We say that only a zero proportion of all integers n satisfy a given property P if 
\{1 < n < N : P(n) holds} | = o(N). Similarly, we say that only a zero propor- 
tion of all pairs (x,y) of coprime integers satisfy a property P if \{{x,y) G [—N,N]'^ : 
X, y are coprime and P(x,y) holds}| = o{N'^). 
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2.2. Assumptions. By Theorem 0.0 (X(P), 2)(Q)) we mean a theorem conditional on 
hypotheses X and 2) in so far as they concern the objects P and Q, respectively. A result 
whose statement does not contain parentheses after the numeration should be understood 
to be unconditional. 

Hypothesis £/i{P). Let P £ Z[x] be given. Only for a zero proportion of all integers n 
do we have a prime p > ^Jn such that p'^\P{n). 

Hypothesis Let a homogeneous P E y] be given. Only for a zero proportion of 

all pairs of coprime integers {x, y) do we have a prime p > max(x, y) such that p'^\P{x, y). 

Hypotheses £/i{P) and £^2{P) are believed to hold for all square-free P. The abc- 
conjecture would imply as much ([E], Thm. 8). We know £/i[P) (resp. J^2{P)) uncondi- 
tionally when P has no irreducible factor of degree larger than 3 (resp. larger than 6). See 
[9], [ID], [13]; vd. dS] for sharper bounds. 

Hypothesis ^i(P). Let P G Z[2;] be given. Then \{P{n)) has strong zero average over 
the integers. 

Hypothesis ,'^2{P)- Let a homogeneous P G T^lxjy] be given. Then X{P{x,y)) has strong 
zero average over 1? . 

(Recah the Liouville function X{n) = np|„(-l)''*'^"^-) Hypotheses ^i{P) and ^2{P) 
are believed to hold for all non-constant, square-free P. (This is a conjecture of Chowla's 
([2], p. 96), closely related to the Bunyakovsky/Schinzel conjecture on primes represented 
by polynomials.) The prime number theorem implies ^i(P) and ^2{P) for degP = 1; 
essentially the same analytical techniques suffice to prove '^2{P) for degP = 2. Hypothesis 
i^2{P) bas been proved ([19j) for degP = 3 by a parity-breaking approach. It has also 
been proved recently for degP = 4 and P the product of 4 distinct linear factors [14]; it 
is quite possible that a similar approach will eventually prove ^2{P) for degP > 4, P a 
product of arbitrarily many distinct linear factors. 

2.3. Main results. 

Main Theorem 1 (i</i(i?^(t, 1)), ^i(M^(t, 1))). Let S be a family of elliptic curves over 
Q. Assume that M^{t, 1) is not constant. Then 1 1— > W{S'{t)) has strong zero average over 
the integers. 

Main Theorem 2 {£/2{B^), ^(M^)). Let S" be a family of elliptic curves over Q. 
Assume that Mg is not constani^. Then t ^ W{S{t)) has strong zero average over the 
rationals. 

We will also be able to prove that we can go in the other direction: If £/i(Bg{t, 1)) (resp. 
.s/2{Bg)) is assumed, then ^i{Mg{t, 1)) (resp. ^2(M^)) holds if and only if W{^(t)) has 
strong zero average over the integers (resp. over the rationals). Since 3Si{P) (resp. I^2{P)) 
does not hold for P constant, the case M^(t, 1) = 1 (or, respectively, Mg = 1) is not 
covered by Main Theorem 1 (or, respectively, Main Theorem 2). In that case, we will be 
able to express ma+miW{S{t)) and aV(Q^5nL ^(<^(0) as infinite products (Propositions 

mand rrroi) . 



'In other words, assume that S has at least one point of multiphcative reduction over Q(r). 
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2.4. Generalisations. Let S now be an elliptic curve over K{T), where K is either a 
number field or a function field. The root number W{S'{t)) can be described in the same 
way whether or not K = Q (Thm. 16. 6p . Consider first the case of -ftT a number field. The 
analogues of s^j{P) (resp. ^j{P)) could then probably be proved for degP < 6 (resp. 
degP < 3), just as for K = Q; they are certainly believed to hold in general. It is not 
clear what the most natural convention for averaging W{£'{t)) is, since there will usually 
be infinitely many elements of K of height below a given constant; Thm. [6^6] ought to yield 
average zero under any reasonable convention, but a fair amount of ad-hoc work would 
be required for any given one. Note that, for a generic number field K, the functional 
equation is still conjectural; the root number W{E) has to be seen as defined by the 
product of local root numbers that is used to compute it. 

Let K he a function field. Then we face a qualitatively different situation: on the one 
hand, £/i{P) and ^(P) are known to hold for all square- free P ([27], [26]); on the other 
hand, SSi[P) and ^2{P) are false for some non-constant, square- free P ([4]). There are 
families S' over K{T) with W{S'{t)) constant and / 1 ([J]). 

We will express the average of W{S'{t)) as an infinite product when is a family without 
multiplicative reduction over K{T), where K = ¥q{u) and q is not a power of 2 or 3. The 
key intermediate result (Thm. 16. 6p is valid over any global field of char. ^ 2, 3. Families 
of elliptic curves over function fields of char. 2 or 3 present technical difficulties due to the 
ubiquity of wild ramification. 

2.5. Relation to the previous literature. 

2.5.1. Algebraic aspect. The decomposition of the root number W{E) into local root num- 
bers is a classical result I^. The local root numbers at places with residue field charac- 
teristic 7^ 2,3 were made explicit by Rohrlich ([30], [31], [32]). The case of residue field 
characteristic 3 was made explicit by Kobayashi ([22]); the resulting expressions are com- 
plicated enough that a similar treatment of residue field characteristic 2 is likely to be 
nearly unworkable. {Note added during editing: There is some very recent work (over 
number fields) due to Dokchitser and Dokchitser [8] on the case of residue field charac- 
teristic 2. There is also some unpublished work by D. Whitehouse.) Over Q, the root 
numbers W2{E), Ws{E) were described in lengthy tables by Halberstadt ([15]); no clear 
pattern is discernible. As a consequence, much work on root numbers up to now ([29], |37j ) 
has had to involve either very substantial case-work or limitations to certain convenient 
congruence classes. 

In 21 will show that every local root number W{£'{t)) is locally constant almost 
everywhere - not a surprise - and, moreover, that it has a very regular kind of behaviour 
at the points t where it is not locally constant. This qualitative characterisation allows us 
to work with the local root numbers at all places of a number field (or of a function field 
of char ^ 2, 3) with essentially no case-work. 

2.5.2. Analytic aspect. Starting with [30], there was a series of papers ([23], [32], [28], [29] . 
[37j ) on average root numbers in one-parameter families. The cases treated in |23j . |28j 
and [29] all lack multiplicative reduction, and thus sometimes have a non-zero average 
root number, which may be computed with the methods developed in the present paper 
(Propositions [7l9] and [T.lOp . Note that the family treated in [29] has non-zero average 
root number over Z, but not over Q; we will see an example of a non-constant family with 
non-zero average root number over Q in ^7.4[ It was intimated in |23j that the case of 
multiplicative reduction (identified by a certain technical condition, rather than reduction 
type) presented essential analytical difficulties. The likelihood of a relation of some sort 
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between root number problems and the parity problem was already intuited by S. Wong 
[37j . One of the main points of this paper is to establish a precise relation. 

Our main intermediate result (Thm. 16. 6t see also Prop. 16. 5p is valid both over number 
fields and function fields. Since, as it was pointed out by [1], the behaviour of the Liouville 
function A on function fields differs clearly from its behaviour on number fields, Thm. 16.61 
would lead one to believe that there are families S over Fq(n, t) for which W{(§{t)) cannot 
have strong zero average over ¥q{u). This was in fact shown to be the case in [5], which 
stemmed in part from an early version of the present paper. 

3. Notation 

3.1. Fields and valuations. For us, a field K will be global if it is either a number field 
or the function field of a curve over a finite field. We write Mk for the set of all places of 

and Mk,oo for the set of archimedean places of K. Given a finite, non-empty set V of 
places of K containing Mk,oo, we write ^k,v for the ring of ^-integers of K and Ik,v for 
the semigroup of non-zero ideals of Gk.v- (The ring of integers ^Ky is defined to be 
GKy = \x ^ K : \x\^ <\'iv ^ Mk \ V}.) By a prime we shall mean either a place not 
in V or the prime ideal of ^xy corresponding thereto, where V is given. 

We denote the algebraic closure of a field K by K, and its separable closure by Kg. 
Given a global field K, a finite Galois extension L/K, and a prime ideal p of K, we denote 
by Frobp the conjugacy class of Frobenius elements of p in Gal{L/K). 

A field is local if (a) it is complete with respect to a non-trivial discrete valuation, 
and (b) its residue field is finite. Given a local field K and its valuation v, a ball is a 
set of the form {x G K : v{x — xq) > k}, where xq £ K and —oo < k < oo. (We 
may also call such a ball an open ball, as it is open (and closed).) The valuation v is 
always normalised so that its range is Z. The ring of integers of K is defined to be 
ffK = {x£ K : v{x) >0} = {x£ K : \x\^ < 1}. 

By a punctured ball around xq we mean a set of the form U \ {xq}, where U is any ball 
around xq. In general, by a punctured neighbourhood around xq, we mean a neighbourhood 
of Xq with Xq itsclf Omitted. 

3.2. Ideals. Let R he a Dedekind domain. Let o be a non-zero ideal of R. We let 

sq(a) = ^p2|oP''''^"^~^ -^('^) = Ilp\a(~^y''^^^- "^1^°° ^^^^ mean that p|b for every 
prime ideal p dividing o. 

3.3. Polynomials. Let i? be a Dedekind domain; let K be its field of fractions. As is 
standard, we define the resultant of two polynomials f,g£ K[x] to be the determinant of 
the corresponding Sylvester matrix. Given two homogeneous polynomials f,g £ K[x,y], 
we define the resultant to be the determinant of the Sylvester matrix 

/an ao • • • \ 

• • • a„ On-i ao 

bn^ ■■■ bo •••0 

\ ••• bm bm-1 ■■■ bo J 

built up from the coefficients Oj, bj of f{x,y) = Yl]=oajX^y'^~^ , g{x,y) = Yl'^=objX-'y^~-' ■, 
where n = deg/, m = degg. 

If /, 5 G R[x\ are non-zero and coprime as elements of i^[2;], then Res(/, g) is an element 
of R divisible by the ideal gcd(/(a), g'(a)) for every a £ R. If f,g £ R[x,y] are non- 
zero, homogeneous and coprime as elements of R[x,y], then Res(/, 5) is an element of R 
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divisible by the ideal gcd(/(a, b),g{a, b)) for every pair (a, b) £ E? with gcd(a, b) = 1. More 
generally, if (a, 6) S B? satisfies gcd(a, &)|c) for some ideal c) of R, then gcd{f{a,b),g{a,b)) 
divides • Kes{f,g). 

3.4. Elliptic curves. Let E be an elliptic curve over a field K. We write E{[m]) for the 
set of points of order m on E, and Tii[E) for the Tate module. If is a local field, we 
denote the reduction of E by E. When we say that E has potentially good reduction over 
K, we allow the possibility that E may actually have good reduction over K, as opposed 
to additive, potentially good reduction; the same holds with "multiplicative" instead of 
"good". 

3.5. Characters. A character of an abelian topological group G is a continuous homo- 
morphism from G to the unit circle d C Given a global field K and a prime ideal p, 
we denote by (-/p) the quadratic reciprocity symbol, that is, the character (-/p) on Kp 
given by 

, , , I 1 if X = for some y G Kl, 
(x/p) = < ^ 
1—1 otherwise. 

3.6. Sectors and lattices. A lattice is a subgroup of Z" of finite index; a lattice coset 
is a coset of such a subgroup. The index [Z" : L] of a lattice L is simply its index as a 
subgroup of Z", i.e., the number of elements of the quotient Z"/L. By a sector of R" we 
will mean a connected component of a set of the form — (Ti n T2 H • • • H T„), where Tj 
is a hyper plane going through the origin. (We will always have n = 2.) 

3.7. Complex- valued functions. Let K he a field. By a complex-valued function on 
P^(i^') we will mean a function f : U ^ C defined on the complement U = F^{K) — 
{xi, . . . , Xn} of a finite set {xi, . . . , x„}; by a complex-valued function on A^(i^) we will 
mean a function /:[/—> C defined on the complement C/ C A^(i^) of a finite set of 
lines through the origin in A'^[K). (As is usual, we write F^{K) for the projective line 
K'^/K*, and A'^{K) for the affine plane K"^.) Two complex-valued functions on ¥^[K) 
(or on A^(i^)) will be regarded as identical if they agree on the intersection of their 
domains of definition. We write Cpi(/^) for the set of all complex- valued functions on 
P^(-fC), and Ca2(^-) for the set of all complex- valued functions on A'^[K). (Formally, we 
may define Cpi(;^) as the set of all equivalence classes of pairs {U, /), where {U, f) ^ {V, g) 
if flunv = g\unv'i the same may be done for CA2(-ftr).) 

4. Local root numbers 

Let -fC be a local field of characteristic 7^ 2,3. Let S' be an elliptic curve over K{T). 
We will investigate the local behaviour of t ^ W{S'{t))] in particular, we will show that 
t W{S{t)) is locally constant almost everywhere. We will also see how t — > W{S{t)) 
behaves at the points where it is not locally constant. 

While we allow ourselves to assume that c]i&t{K) ^ 2, 3, we must include in our treat- 
ment local fields K whose residue fields have characteristic 2 or 3, as such fields K arise 
as localisations of number fields. Thus we cannot simply make use of formulae valid only 
when the characteristic of the residue field is greater than 3 (Prop. [6T]) . 

Lemma 4.1. Let K be a local field. Let m > 2 be an integer prime to the characteristic 
of the residue field of K. Let a minimal Weierstrass model over K give an elliptic curve 
E with good reduction. Then the map 

E[m\ E[m] 

induced by the reduction of the model is a bijective homomorphism. 
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Proof. The map is injective by [36], Ch. VII, Prop. 3.1(b) and a homomorphism by [36], 

Ch. VII, Prop. 2.1. Since m is prime to the residue characteristic of K, the finite sets 
E[m] and E[m] have the same cardinahty, and thus an injective map from one to the other 



It has been pointed out by B. Conrad [6j that the following proposition can be derived 
from a general result [21] on the local constancy of local systems over schemes of finite 
type over local fields. A representation-theoretical argument is also possible ([33]). We 
give an elementary proof. 

Proposition 4.2. Let K be a local field. Let ai,...,aQ G 0'k be the coefficients of a 
Weierstrass model for an elliptic curve E with potential good reduction. Then there is an 
e > such that any ai, . . . , ag G &k with \a.j — aj\ < e are the coefficients of a Weierstrass 
model for an elliptic curve E with VF(E) = W{E). 

Proof. Let E acquire good reduction over a finite extension L/K. Then there is a change 
of variables x' = u^x + r, y' = u^y + u^sx + t with u,r,s,t G i^^l sending the original 
model ai, . . . , oe to a minimal model a'^, . . . , a'g with good reduction. By Lem. 14.11 any 
two distinct points Pi,P2 G E[m] have either |x(Pi) — x{P2)\ > 1 or \y{Pi) — y(i^2)| > 1 
in the minimal model, with \x{Pi) — x{P2)\ < 1 occurring only if x{Pi) = x{P2). Thus, 
either \x{Pi) — x{P2)\ > \u\~'^ or \y{Pi) — y{P2)\ ^ the original model. 

Let ai, . . . , ag G i^K satisfy \a.j — aj\ < |n| Then the same change of variables as above 
will send ai, . . . , ag to a minimal model a'^^, . . . , ag G ^k, < 1; describing an elliptic 

curve E with good reduction. By Lem. SH the maps E[r] E[r] and B[r] E[r] 
induced by the reduction of the minimal models are bijective homomorphisms. There 
is an isomorphism E[i'^] ~ E[^"], since the minimal models reduce to the same model 
for E and E. Thus we have a bijective homomorphism i„ : E[i^] — > E[£"] with \x{P) — 
x{Ln{P))\ < 1, \y{P) — y{iniP))\ < 1 in the minimal models, and \x{P) — x{in{P))\ < \u\~'^, 
\y{P) — y{in{P))\ < |^|~^ in the original models. 

Now let 7 G Gal{K/K). Then, in the original models, \x{'y{P)) — x(7(tn(-P)))| = 
\j{x{P)) — j{x{in{P)))\ < \u\^'^, \y{'y{P)) — y{'j{in{P)))\ < l""]"^ (since the norm is Galois- 
invariant) and |x(7(P)) - x(i„(7(P)))| < \u\~'^, \y{'y{P)) - y(/,„(7(P)))| < \u\~^. As we 
would have |x(7(i„(P))) - x(i„(7(P)))| > \u\-^ or \y{^{Ln{P))) - y(6„(7(P)))| > \u\-^ 
if 7(i„(P)) were not equal to t„(7(P)), we can conclude that 7(t„(P)) = i„(7(P)), i.e., 
Ln respects the action of the Galois group on and E[£"]. Therefore, in induces an 

isomorphism of Tate modules Ti{E) — > Ti(E) as Gal(ii'/i^')-modules. Since E (and hence 
E) has potentially good reduction, the root number W{E) (resp. Vl^(E)) is determined by 
the representation of the Weil group W{K) C Gal(K/K) on Ti{E) (resp. T£(E)). Hence 
W{E) = W(E). □ 

Proposition 4.3. Let K be a local field of characteristic ^ 2. Let oi, . . . , ag G K induce 
a tuple (c4,cg. A) G K"^ with C4 7^ 0, A = 0. Then there is a constant w G { — 1, 1} and an 
e > such that any ai, . . . , ag € K with \aj — aj\ < e and A 7^ give a Weierstrass model 
for an elliptic curve E with W(E) = w. 

Proof. We may assume ai, . . . ,ag G ^k- We wish to show first that there is one change 
of variables that sends any nearby ai , . . . , ag G with A 7^ to a minimal Weierstrass 
model. Whether or not a change of variables x' = u^x + r, y' = u^y + u^sx + 1 {u, r,s,t G 
^K, u ^ 0) sends a Weierstrass model over to another Weierstrass model over 0'k 
depends on r, s and t only modulo u^0'k] small changes in u do not matter either. Since 
{u ^ K : 1 < \u\ < C} is compact for any C, it follows that, if we need consider only 
changes of variables with u bounded in norm from above, we may consider only a finite 



must be a bijection. 



□ 
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number of changes of variables. This is indeed the case, as we must have \u\ < |c4|~^/'*. For 
each of these finitely many changes of variables, there is a neighbourhood F of (ai, . . . , oe) 
such that either all (ai,...,a6) G V are sent to integer tuples (a'^, . . . , a'g), or none of 
them are. Let U be the intersection of all such neighbourhoods. Then U is an open set 
for which there is a single change of variables sending any (ai, . . . , ag) G with A 7^ 
to a minimal Weierstrass model. 

We may now let that single change of variables act on (ai, . . . , ag) and its neighbourhood; 
thus, we may assume that any (ai,...,a6) £ U is minimal. Let ^ C f7 be the set of 
all tuples (ai,...,a6) G U satisfying A / 0, v{a.j — aj) > and |j(ai, . . . , ag)! > 1. 
Then (ai,...,a6) will have (a) split multiplicative reduction, (b) unsplit multiplicative 
reduction or (c) additive, potentially multiplicative reduction depending on whether (a) 
v{c4) = and the reduction of ai, . . . , describes a singular cubic with a split node, (b) 
v{c4) = and the reduction of ai , . . . , ag describes a singular cubic with an unsplit node, (c) 
v{c4) > 0. Thus, the reduction type is constant in the neighbourhood {(ai, . . . ,ae) G U : 
\aj — aj\ < 1, |j(ai, . . . , ag)] > 1} of (oi, . . . , ag). When an elliptic curve has multiplicative 
reduction, the root number depends only on whether the reduction is split or unsplit; 
when an elliptic curve has additive, potentially multiplicative reduction, the root number 
depends only on K and the class of -cg in K*/{K*f (vd. [32j, Thm. 2, (ii); cf. [3J, §3). 
It follows that the root number is constant for all tuples (ai, . . . ,ag) with A 7^ in an 
open neighbourhood Vq C F of (ai, . . . , og). □ 

Let us now examine each kind of reduction that an elliptic curve S' over K{T) may 
have. 

Lemma 4.4. Let K be a local field. Let S" he an elliptic curve over K{T). Suppose S has 
a place of good reduction at (T — to), where to G K . Then there is a neighbourhood U of 
to on which W{S'{t)) is constant. 

Proof. If (o'(to) has potentially good reduction, apply Prop. 14. 2[ If (to) has potentially 
multiplicative reduction, proceed as in the last paragraph of the proof of Prop. 14.31 □ 

Lemma 4.5. Let K be a local field. Let he an elliptic curve over K{T). Suppose S has 
a place of multiplicative reduction at (T — to), where to G K . Then there is a punctured 
neighbourhood U of to on which W{S'(t)) is constant. 

Proof. Let (c4,cg,A) be parameters of a Weierstrass equation for minimal over K{T) 
with respect to the valuation induced by (T — to). Then (T — to) divides A but not C4; 
moreover, (T — to) is absent from the denominators of the parameters ai, . . . , og. Apply 
Proposition 14.31 □ 

Lemma 4.6. Let K be a local field of characteristic 7^ 2, 3. Let S be an elliptic curve over 
KiT). Suppose S has a place of additive, potentially multiplicative reduction at (T — to), 
where to £ K. Then there is a punctured neighbourhood U of to on which W{<§'{t)) depends 
only on (t — to) uiodK*^ . 

Proof. Set to = for notational simplicity. Let be given by parameters C4,cg G K{T) 
minimal with respect to the valuation vt induced by T. Let a G K* . For t G aK*^, we 
may substitute t = a(t')^ and obtain new parameters C4(t') = C4(a(t')^), Cg(t') = cg(a(t')^) 
describing an elliptic curve S" over K{T'). Since vt^c^) = 4A; + 2, vt{c&) = 6/c + 3, we 
obtain ^^'(^4) = 4(2A; + 1), vt'{c'q) = 6(2fc + 1), and thus S'' has multiplicative reduction 
over K{T') at T'. The statement now follows by Lem. 14.51 □ 

Lemma 4.7. Let K be a local field of characteristic 7^ 2,3. Let S" he an elliptic curve 
over K(T). Suppose S has a place of potential good reduction at (T — to), where to £ K . 
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Then there is a punctured neighbourhood U of to on which VF((#(t)) depends only on 
(t-to) modK*^^. 

Proof. Set tQ = for notational simplicity. Let S' be given by parameters C4,C6 G K[T) 
minimal with respect to vt- Since cliar(i^') 7^ 2,3, the curve <§ acquires good reduction 
over 

K(TV12). Let a & K*. For t E a/^*^^ we may substitute t = a{t'Y'^ and obtain 
new parameters c!j^{t') = C4(a(t')^^), Cg(t') = CQ{a{t'Y'^) describing an elliptic curve <§' over 
K(T'). Since (f has good reduction over K(T^^^^), there is a non-negative integer k such 
that vt'{c'4^) = 4A;, vt'{cq) = 6k, vt'{^') = 12A;. Thus S" has good reduction over K{T') 
at T'. Apply Lem.[01 □ 

Theorem 4.8. Let K he a local field of characteristic 7^ 2,3. Let £ he an elliptic curve 
over K{T). Then, for every to £ F^{K), there is a punctured neighbourhood Ut^ of t^ such 
that, fort G Ut^, the value of f{t) depends only on (t — to) mod(i^*)^^. (For tQ = 00, read 
1/t instead of t — to.) 

Then, for every tQ G K , there is a punctured neighbourhood Ut^ of to O'l^'d a function 
gto ■■ K*/{k*Y C such that f\ut^{t) = g{t - to) for all t GUto- (For to = 00, read 1/t 
instead of t — to.) 

Saying that the value of /(t) depends only on (t — to) mod{K*)^ for t S Utg is the same 
as saying that /(t) = g{t) for all t G Ut^ and some function g : K* /{K*)"^ C. 

Proof. Immediate from Lemmas I4.4H4.71 □ 



Let us see at what sort of conclusion we have arrived. What does Theorem 14.81 tell us 
about the local root number W{(§{t))1 

Let / be any convex-valued function on P^(i^), where X is a local field. Suppose that, 
for every to G P^K), there is a punctured neighbourhood Uiq of to such that, for t G Uiq, 
the value of f{t) depends only on (t — to) mod(K*)". (For to = 00, read 1/t instead of 
t — to-) Here n is a fixed integer; assume char(i^) \ n. What can we say about /? 

First of all, / is locally constant almost everywhere. This can be shown as follows. 
Let the punctured neighbourhoods [/(„ be as above. Then {Ut^ U {to}}toePi(^) open 
cover of ¥^{K). Since ¥^{K) is compact, there is a finite subcover {Uiq U {to}}toes', 
5 C ¥^{K) finite. The claim is that, for every ti ^ S, the function /(t) is constant in a 
neighbourhood of ti. This is easy: the point ti must lie in some set C/tg, to G 5", to / ti; 
in that set f/t,,, /(t) depends only on (t — to) mod {K*)^; thus, /(t) is constant on the 
set V = {to + (ti - to) • {K*Y) n Uto, which contains ti. Since char (ivT) \ n, the set (i^*)" 
is an open subset of K* (this is a consequence of Hensel's lemma) and so V is an open 
neighbourhood of ti on which /(t) is constant. 

More can be said about such functions /. We could have proven that t — > W{S'{t)) is 
locally constant almost everywhere directly from Lemma [4.41 What we proved in Theorem 
14.81 is stronger. Here is a way to use this stronger kind of conclusion. It will be useful 
later. 

Lemma 4.9. Let K be a local field. Let n be a positive integer such that char(i^) | n. 
Let f be a convex-valued function on F^{K). Suppose that, for every to G K, there is a 
punctured neighbourhood Ut^ of to such that, fort G Ut^, the value of f{t) depends only on 
(t — to) mod(ir*)". Suppose also that f{t) G Q for all but finitely many t. 
Then, for every ball U = {x ^ K : \x — xo\ < r} with xq £ K and r < 00, 



* * * 



(4.1) 
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is a rational number. 

We do not need any assumptions about what happens at infinity because we are working 
on a neighbourhood U disjoint from infinity. (We do not consider an integral over ah of 
K because such an integral would not in general be finite.) 

Proof. We can assume that each punctured neighbourhood Utg is a punctured ball around 
to, as we can simply replace each open set Utg by a punctured ball around to contained in 
it. Since U is compact, there is a finite cover of U by sets of the form U n {UtQ U {to})- 
In a local field, given two balls, either they are disjoint or one contains the other. (This 
is so because local fields are non-archimedean.) Hence we actually have a cover of C/ by a 
finite number of disjoint balls Uto U {to} contained in U. It will be enough to show that 

/ f{t)dt 

JUto 

is rational. 

By the statement, the values of /(t) on Ut^ are rational (with finitely many exceptions) 
and depend only on (t — to) mod(K*)". The punctured ball Uto is of the form UtQ = Vb + to 
for some punctured ball Vq around the origin. We can write 
(4.2) 

/ f{t)dt= I f{t + to)dt= Yl f{9 + to)Are4g{K*rnVo), 

JUto geK*/{K')"-^9{K*)"nVo geK*/(K')" 

where we write f{g) for the value taken by /(t + to) for all t G g{K*)^. We may assume 
without loss of generality that Vq = {x G K* : v{x) > 0}. (This assumption is notationally 
convenient.) To get that the integral in (j4.2p is rational, it will be enough to show that 
K* /{K*Y is finite and that every set of the form g{K*Y ^ {x £ K* : v{x) > 0} has 
rational area. 

The quotient K* /{K*)"^ is finite by Hensel's lemma. (It is here that we use the assump- 
tion that char(i(') \ n.) Every coset of (X*)" can be written in the form a{K*)'^ with 
a £ K*, < v{a) < n. Now 

Area({a; G K* : v{x) > 0, x G a{K*Y]) 

= Area({a; G K* : v{x) = 0, x G a(i^*)"}) • (1 + g"" + g^^" + . . . ) 

= Area({x G K* : v{x) = 0, x G a(K*)"}), 

where q is the number of elements in the residue field of K. Again by Hensel's lemma, the 
set {x G K* : v{x) = 0, x G a(i^*)"} is a union of (additive) cosets of for some fixed 
thus, its area is a multiple of and, in particular, it is a rational number. □ 

We will need to know integrals such as ()4.ip for the following reason. Say K is the 
localisation Qp of Q at a prime p. Then the function t Wp{£'{t)) from Qp to { — 1, 1} 
induces a function from Q to {—1,1}, simply by the inclusion Q C Qp. (We write Wp for 
the local root number in the local field Qp.) We are interested in the average of Wp{(§{t)) 
over Z. It is not hard to show that 

(4.3) aYzWp{^{t))= [ Wp{^{t))dt. 

JZp 

(Here we use the fact that Wp{S'(t)) is locally constant almost everywhere.) By Thm. HTSl 
it follows that avzWp{S'{t)) is a rational number. 
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Notice, moreover, that this is a rational number that can be computed in finite time 
given the finite data describing Wp{(^{t)). There should be no concerns about the com- 
putability or constructibility of p-adic integrals of this kind. One can furthermore show 
that the averages Yli<n<N ^pi^i^)) i^ot only converge to Wp{£'{t)), but do so very 
rapidly. (For more on rates of convergence, see Appendix 1X1) 

We will not go into more details here, since we will prove more general results later. In 
particular, we will see that equalities such as (j4.3p hold for all products of finitely many 
functions such as Wp{£'{t)) (as opposed to just one individual function Wp{S'{t)). 

The key thing to realise here is that, as we saw in the introduction ( §1.2p . such equalities 
are not in general true for infinite products. Now, the global root number - our central 
object of study in this paper - is an infinite product W{S'{t)) = Wv{^{t)). Our task 
is then to re-express it as a finite product, or - when that is not possible - as the product 
of a finite product and an infinite product of a special kind. 

It is no wonder that reciprocity will play a role here. Indeed, the law of quadratic 

reciprocity - just like higher reciprocity laws - can be expressed as the fact that (j^^ = 

1, where v goes over all places of a global field K and is the Hilbert symbol. (More 

about this later.) In other words, a product of Hilbert symbols over all but finitely many 
places of K is equal to (the multiplicative inverse of) a finite product of Hilbert symbols. 
This is what lies at the core of the following section. 



5. Reciprocity and polynomials 

5.1. Introduction. Characters to fixed moduli are harmless; characters to variable mod- 
uli are not. Consider, for instance, the Jacobi symbol (7), which is a character modulo b. 
Suppose we know how to estimate sums of the form 

(5.1) J2 f^^^y) 

x,y<N 
x=xo, y=yo modm 

for all m £ Z+, xq, i/q G Z/mZ, where / : ^ C is some function. Then we know how 
to estimate 

(5.2) Yl (f)/(^>2/) 



5 

x,y<N 



but not how to estimate 



(5-3) E 



x,y<N 

We may be able to estimate a sum such as ()5.3p in some particular cases (see, for instance, 

Appendix[C]); however, in general, a factor of is a very great bother. 

When we start to compute the averages of the root number W{S'{t)), we shall have to 
deal with sums such as 

<^-^' E (j.^li^) /(-)■ 

x,y<N 
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This looks at least as bad as (|5.3p . In fact, this sum is as nice as ()5.2p . in that it can be 
computed given (|5.ip . The following observation is crucial: 
(5.5) 



2x + ly 



+ 3xy + 5y^ 



_^^Pi{x,y) ( (2x + 7y)-x-xy + lOy 
2x + 7y 
-xy + lOy^ 



2x + 7y 



2x + 7y J \ 2x + 7y 

2- 



2x + 7y 



_i^P2{x,y) . / y 

.l-jP-A{x,y) . 

_-j^\P4(a;,j/) 



2x + 7y J \2x + 7y 
2x + 7y\ (2x + 7y 



y J \ 2 
2x\ (y\ ( 2x + 7y 
2 



-2x + 20y 
2x + 7y 
27y 

2x + 7y 



y 



27y 



y) 



where Pi(x,y) = {2x + 7y-l){x'^ + 2,xy + by'^)/A+{{2x + 7yf P2{x,y),. . . , P5{x,y) 



stand for homogeneous polynomials on x and y. The factors have cancelled out. 

Notice that the procedure is basically the Euclidean algorithm. 

(Of course, there are parts of (j5.5p that are not quite right - we proceeded as if the 
expressions inside a Jacobi symbol were always positive and odd, for instance. We can be 
careless because this is an introductory sketch.) 

The crucial thing here is to realise that an expression of the form (— 1)^5(2;,?/) (-v^here P5 

is a polynomial) is much better to average against than is. If we know (|5.ip . then we 
can average 

E (-l)''^^"''V(x,y), 

x,y<N 

and thus we can average (j5.4p . which we have just shown to be the same. 

In this section, we shall show that we can simplify matters as we just did whenever we 

have a Jacobi symbol (or any reciprocity symbol like it) of the form (^^[f^^ > where / 

and g are homogeneous polynomials and either deg(/) or deg(g) is even. Happily enough, 
either deg(/) or deg{g) will be even in all of our later applications. 



5.2. Symbols and polynomials. We will find it convenient to work abstractly; that is, 
we will work for a while with an abstract symbol {a\b) that is assumed to have all of the 
properties that a suitably generalised quadratic reciprocity symbol must have. (It will 
actually be better to work with a family of symbols (a|5)o, rather than a single symbol 
(a|6).) 

Our aim is to show that expressions of the form {f{x, y)\g{x, y)) can be simplified. Here 
/ and g are homogeneous polynomials. 
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Let K he a. global field. Let V C be a finite set of places including all the 
archimedean ones. Consider a function 



for every non-zero ideal d of ^k,v- Assume that satisfies the following conditions for 
some set 'if of functions from ^xy to C, some set of functions from K* x K* to C and 
all non-zero a,b,c G ^Ky- 

(a) {ab\c)^ = (a|c)o • (6|c)o, 

(b) (a|6c)o = (a|fe)o • (a|c)o, 

(c) (a|6)g = (a + 6c|6)g, 

(d) (a|6)o = /t,,6(a) for a,b^O, where /j,,;, G 

(e) (a|6)oi = /oi,02(a, 6)(a|6)o2 for a,b^O, di\d2 with gcd(a, 6)|t)f', where /o^^oj ^ "^'^ 

(f) (a|6)oi = 50^,02(0, &)(a|6)i,2 for a, 6 7^ 0, c)2|f 1 with gcd(a, &)|c)^, where ^Oj^oj ^ "^'j 

(g) (a|6)o = /o(a, 6) • (6|a)o for a, 6 / 0, where /j, e 

(Each of these equations is meant to hold whenever all symbols on the right side are 
defined. For example, (|al) is applicable when gcd(a, c)|D°^, gcd(fe, c)|D°° and c = 0: by 
(j5.6p . this is what must hold for (a|c)o and (6|c)o to be both defined.) 

We will now define a set of functions ^ that we will use in our next result. (We will 
later be able to show that, in the case we care about, all functions in & have some rather 
nice properties.) Let ^ be the set of all complex-valued functions / on A'^{K) of the form 



/(x,y) =Fi,i(Pi(x,y))-Fi,2(P2(x,y))---Fi,,,(Pfc(x,y)) 

• F2,i{Qiix,y),Ri{x,y)) • F2,2iQ2{x,y), R2{x,y)) • ■ ■ F2^k'{Qk'{x,y), Rk'{x,y)), 



where k, k' are non-negative integers, Fij E ^, F2J G , Pj S ^Ky[x,y] is non-zero and 
homogeneous, and, for each j < k' , Qj,Rj G ^Ky[x,y] are non-zero, homogeneous and 
coprime as elements of K[x,y]. 

Since F2j{a,b) is undefined when a = or 6 = 0, a function f{x,y) in ^ may be 
undefined when x/y takes a value within a finite set (namely, the set of roots of F2j{t, 1) = 



We recall that Res(/, gi) stands for the resultant of / and g ( ^3.3p . 

Proposition 5.1. Let K he a global field; let V he a finite set of places of K including 
all archimedean ones. Let Si and he as above. Let f,g £ ^Ky[x,y] he non-zero, 
homogeneous and coprime as elements of K[x,y]. Let d he an ideal of Gk.v such that 
Res(/, g)|t)°° . Let do\d°° . Then there is a function h in Si such that 



for all x,y £ ^Ky with gcd(x,y) dividing 0°° and x/y outside a finite subset of¥^{K). 

The proof of the proposition mimics the Euclidean algorithm. 

Proof. We may assume x,y ^ 0, f{x,y) 7^ 0, g{x,y) / throughout, as these conditions 
hold for all x, y with x/y outside a finite subset of F^{K). If deg{g) = 0, the result 
follows from condition ([d]). If deg(/) = 0, the result follows from (jgj) and (jd]). If / or (7 is 
reducible, the statement follows by @ or (jb]) from cases with lower deg(/) -|- deg{g). If / 
is irreducible and g = cx, c a non-zero element of Gxy^ then, by (jb]), ^ and (jgj). 



(5.6) 



(•lOo : {a.h^GKy : 6 7^ 0, gcd(a, 6)|c)°°} ^ C 



0). 



{f{x,y)\g{x,y))x, = h{x,y){x\y) 



(dcg /)(dogg) 
3o 



{f{x, y)\g{x, ?/))o = {aox'' + aix'' ^y -\ h afc/|cx)o 



= {f{x,y)\c)o ■ (afc/|x)o 

= {f(.x,y)\c)j, ■ (afc|x)o • (y|x)g 

= {fix,y)\c)^ ■ iak\x)x, ■ f^iy,x)gl^^^{x,y)ix\y)'^^ 
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for some /o,5o,oq € ■ The result then follows from (jdj), the definition of Si and the 
case of (constant I which we have already treated. The same works for / irreducible, 
g = cy. The case of g irreducible, f = cx or cy follows from (jgj) and the above. For /, g 
irreducible, deg(/) < deg(5'), we apply Q. We are left with the case of /, g irreducible, 

/,£/ / cx,cy, deg(/) > deg{g). Write / = aox'' H ha^y^, g = box^ + bix^-^y ^ ^biyK 

Then 

{f{x,y)\g{x,y))^ = h,boX){x,y){f{x,y)\g{x,y))boT: 

= fx),bo^{x, y){bo\g{x, y))boi){bof{x, y)\g{x, y))bo^ 

= h,bo^{x, y){bo\g{x, y))boi<ibof{x, y) - aog{x, y)\g{x, y))boi, 

for all (x, y) £ ffj^ y such that gcd(3;, y)\do and bQf{x, y) — aog{x, y) / 0. The coefficient of 
x'^ in bof{x, y) — aog{x, y) is zero. Hence bof{x, y) — aog{x, y) is a multiple of y. Since / and 
g are coprime as elements of the linear combination bQf{x,y) — aQg{x,y) cannot 

be the zero polynomial; either it is a reducible polynomial or it is a non-zero constant 
times y. The former case has already been treated. By (jgj), the latter case reduces to / 
irreducible, g = cy, which is a situation we have already considered. □ 

5.3. Conclusions on quadratic reciprocity. Let K he a global field. Assume that the 
characteristic of -ftT is 7^ 2. Let V C Mk be a finite set of places including all archimedean 
ones. Define 

(5.7) {a\b),= n («/pr^'^ 

p£Mji\V 
p\2X) 

for all non-zero a,b £ K* . For a = 0, b £ K* , set {a\b)x! = 1. (For further reference, note 
that the condition p f 2D in (15.71) is equivalent to p f c) when 2\d.) 

Here (a/p) is simply the quadratic reciprocity symbol, meaning a non-trivial character 
(•/p) on K* given by 



(5.8) (x/p) 



if X = for some y E K*^ 
otherwise. 



We want to prove that conditions ((aj)-([gj) in subsection 15.21 hold. Let us define the sets 
^ and first, since the statements of conditions (jal)-([gj) involve these sets. 
We define ^ to be the set of all functions / : ^k,v ^ C of the form 

fix) = (x/pi) • (x/p2)---(x/pfc), 

where k is any non-negative integer and pi, p2, . . . , pfc are finite places of K not in V. We 
define to be the set of all functions g : K* x K* {—1, 1} of the form 

(5.9) g{x, y) = gi{x, y) ■ g2{x, y) ■ ■ ■ gk{x, y), 

where, for each j < k, Vj is a place of K and gj is a function from K*,/{K*,)'^ x K*./{K*.Y 
to {0,-1,1}. 

Corollary 5.2 (to Proposition 15. 1|) . Let K be a global field with char(i^) 7^ 2; let V be 
a finite, non-empty set of places of K including all the archimedean places. Let f,g £ 
^K,v[x,y] be non-zero, homogeneous, and coprime as elements ofK[x,y]. Letd be a non- 
zero ideal of Gk,v such that Res{f, g)\d°^ . Let do\d°^ . Let (-j-);) be as in ((5. ?[ ). Then, 
Then, for all x,y £ Gxy with x/y outside a finite subset of¥^{K) and gcd{x,y)\d^ 



>lOO 



(5.10) ifix,yMx,y))^ 



h{x,y) ■ {x\y)i3g ifdegf, degg are both odd 
h{x, y) otherwise 
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(5.11) h{x,y) = gi{Pi{x,y),Qi{x,y)) • g2(P2{x,y),Q2{x,y)) gk{Pk{x,y),Qk{x,y)), 



where, for each j < k, Vj is a place of K , gj is a function from K*./{K*.)'^ x K*./{K*.)'^ 
to {—1,1}, and Pj,Qj G ^K,v[x,y] are non-zero, homogeneous and coprime as elements 
of K[x,y]. 

Proof. It is clear that, given our current definitions of 'rf and , the functions h{x,y) of 
the form above are simply the elements of the set & defined in ^5.2i (A function of the 
form {P{x, y)/p) can be written in the form g{P{x, y), Q{x, y)), where Q is identically one 
and g{x,y) = (x/p).) For the corollary to follow from Prop. [STTl it remains only to check 
that the symbols (a|6)o defined by (|5.7p satisfy the properties (iaj)-(jgj) listed in ^5.21 for all 
a,b£ 0'k,v with 6/0, gcd(a, 

(jaj): This is true because a i— > (a/p) is a multiplicative function. 

©: True by definition ([52]) • 

(jcj): This is true because (a/p) = (a + x/p) for all a ^ p, x G p, provided that p f 2. 
(This is why we omitted primes p dividing 2 from the product in (15. 7p .) 

([d]): This holds because (a/p) is a character of the multiplicative group of the residue 
field of K^^ . 

m- By dSZD, 

Pi 202 

Pt20i 

Since (a/p) is the quadratic reciprocity symbol, it depends on a G ^xy \ {0} only as an 
element of i^*^ /(/C*^ )^. The valuation v^{b) mod 2 depends on b only as an element of 
K*^/{K*^)'^ (since the valuation of a square is even, i.e., = mod 2), and so we are done. 
([2): Same as (|ej). 

(jgj): This is essentially the quadratic reciprocity law, and thus it will take the most 
work to check. Let {jp-^ be the quadratic Hilbert symbol, defined by 
(5.12) 

'a, b\ j 1 if = ax^ + by^ has a non-zero solution (x, y, z) G x x Ky 
V ) 1—1 otherwise 

for a, 6 G i^*, V a place of K. For any a, 6 G (?Ky with 6 7^ 0, gcd(a, 6)|c)°°, 

(ai6),= n («/pr^^^= n (v)' 

Pt20 pt20 
p|6 



since = («/p) for p f a, Vp{b) odd, and [jfj = 1 for p f a, Vp{b) even (see, e.g., 

Prop. V.3.4]). Similarly, {b\a), = npeAf,.\v^:Pt2o(Vp)^^ ^^^^ = \[p^M^\V:p^,,p\a (f )• 
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Thus 



(6|a)o J-J- ii ^ ''■^^ ii \ p / ii \ h 

Pt20 pf2a pt20 pf20 

P\b P\a 



n 

peMK\v 

pt20 
p\ab 



a, b 
P 



-1 



where we use the fact that = . (This is true for ah Hilbert symbols ([25, Prop. 

V.3.2 (iv)]); in the case of the quadratic Hilbert symbol, which is the one we are treating. 



this follows easily from = (directly from the definition) and y-^) = if-) 

Now, since (^^^ = 1 for p finite and p\ a,b (see, e.g., [251 Prop. V.3.4]), 

n (^)"'- n [f^ 

pgMkXV ^ ^ ^ peMK\v ^ ^ ^ 
p|20 p|2a 
p\ab 

The above is mostly language. Now we will use the product formula 

n (^) - 

(vd. |251 Thm. VI. 8.1]); this is in some sense the core of reciprocity (both quadratic and 
higher). By ()5.13p . we now have 

<^-'^' n (^)"- n ■ 

^"l^^f peM^W ^ P ^ «eyu{p:p|2i,} ^ ^ 

Pt20 

For every place w, the map (a, 5) (^17^ is in fact a function on K*/K*'^ x K*/K*'^, i.e., 
it depends on a and b only modulo (iT*)^; this follows from the definition (j5.12p of the 
quadratic Hilbert symbol. Hence is of the form (j5.9|) . □ 

Remark. It should be clear from the proof that one should be able to prove similar 
statements for higher reciprocity symbols defined in terms of the general Hilbert symbol for 
arbitrary n (defined as in [25], Prop. V.3). We shall not need this, and will not elaborate 
on this further. 

Remark. This is as good a place as any to answer the following question: why do we 
insist in statements of the form "for all (x, y) £ K x K satisfying gcd(3;, y)|f 0" rather than 
simply requiring x and y to be coprime (that is, gcd(j;,y) = 1)? The answer is that, if 
^K,v is not a unique factorisation domain, there may be elements t £ K that cannot be 
expressed as quotients t = x/y with x, y coprime. 



"^This is also true by definition in greater generality, with K*/Kl'^ replaced by K*/K*". See the 
definition in [25J p. 333]. 
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We will find the following consequence of Corollary 15.21 to be particularly useful. We 
recall that E ^K,v[x,y] is a homogeneous polynomial associated to a place w of K{T) 
(see glXH). 

Corollary 5.3. Let K be a global field with char(i^') ^ 2. Let w be a place of K{T). Let 
f £ {K{T))* be a rational function with w{f) even. 

Let V be a finite, non-empty set of places of K including all archimedean places. Let 
Oq be a non-zero ideal of ^k,v- Then, for all x,y £ ^k,v with x/y outside a finite subset 
ofF^{K) and gcd{x , y)\d^ , the expression {f{x/y)\Pw{x^y))x) can be written in the form 

{f{x/y)\Pw{x,y))x,Q 

= 9iiPi{x,y),Qiix,y)) ■ g2{P2ix,y),Q2{x,y)) • • ■ ■ gk{Pk{x,y),Qk{x,y)), 

where Vj is a place of K, gj is a function from K*,/{K*.)'^ x K*./{K*.)'^ to { — 1,1}, and 
and Pj,Qj G ^Ky[x,y] are non-zero, homogeneous and coprime as elements of K[x,y]. 

Proof. We can write 

f{x/y) = c- n Pv.'{x,yr'^^\ 

w':w'{f)=/=0 

where c G K*. Write c = cq/ci, where cq, ci G ^Ky- Let 

t) = Co • ci • c)o • Res{Pw,Pw')- 

Since (a|6)o is multiplicative on 1, and equal to 1 when a G (K*)'^, 
{f{x/y)\Pw{x,y))v = (co|P^(x,y))^,(cl|P^^,(x,y))g^ J| (P^„/(x, 

w':w'{f) odd 

Since we are assuming that w{f) is even, every place w' appearing in !!«)'■«,'{/) odd satisfies 
w' 7^ w. 

By Corollary 15.21 each factor (Pn,/(x, is of the form 



{Pw'{x,y)\Pw{x,y))x, 



hw'{x,y) ■ (x|y)o(, if deg{w'), deg{w) are both odd 
h^/ (x , y) otherwise, 



where h^i is as in (|5.1ip . Now, since / is an element of K{T), we know that 

llw'if)degiw')=0, 

w' 

and so nio'-«;'(/) odd is even. Hence, the factors (x|?/)o„ that arise in the terms 

{Pwi{x,y)\Pw{x,y))x, cancel out when the product is taken over all w' with w'{f) odd. 

Again by Corollarv 15.21 (co|Pu,(x, and (ci|Pn,(x, y))o are themselves of the form 
(ISlTT) . 

It remains to show that (/(x/y)|P^(x, y))o(j/(/(x/y)|P^(x, y))^ is of the form (j5.1ip . 
Now 

(/(x/y)|P^(x,y))oo _ yr (f(^i.,\i^yf{PA^,y)) 

pf20oAp|20 

This is clearly of the form (j5.1ip with Pj(x, y) = Pw{x, y) and Qj{x, y) = /(x/y)-y^l^'^''s{/)l , 

□ 
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5.4. Integrals. We still need to show that expressions such as ()5.1ip are good to work 
with. In other words, we need to show that, in Corollary 15.21 and 15.31 we reduced expres- 
sions involving reciprocity symbols to something simpler and more useful, not to something 
more complicated. It is clear that ()5.1ip is a product over finitely many places, whereas 
(global) reciprocity symbols are products over all places of K. We must still examine the 
individual terms of (|5.1ip and show we can work with them. 

Each place v that contributes to (j5.1ip makes a contribution of the form 

5i(Pi(x, y), Qi{x, y)) ■ g2{P2{x, y), Q2{x, y)) gr{Pr{x, y), Qr{x, y)), 

where each gj is a function from K* / {K*y x K*/{K*)'^ to {-1, 1}, and Pj,Qj G ^k,v[x., y] 
are non-zero, homogeneous and coprime as elements of K[x,y]. 

Lemma 5.4. Let he a local field. Letn he a positive integer; assume either char (K^) = 
or n I ch.ar{Ky). Let g be a complex-valued function on A"{Ky) of the form 

9{x,y) = gi{Pi{x,y),Qi{x,y)) • g2{P2{x,y),Q2{x,y)) gr{Pr{x,y),Qr{x,y)), 

where each gj is a function from K* / (K*)'"- xK*/{K*)'^ to {—1,1}, and Pj,Qj e Kv[x,y] 
are non-zero and homogeneous. 

Then g is locally constant at all points where it is defined, i.e., it is locally constant on 
the complement of finitely many lines through the origin. 

Proof. Since (by Hensel's lemma) (K*)"' is an open subset of K*, every function from 
{Kl)/{KIY X {Kl)/{KIY to C induces a function from x K* to C that is ev- 
erywhere locally constant. A pair of polynomials P,Q € Ky[x,y] induce a function 
{x,y) I— > {P{x,y),Q{x,y)) from Ky x Kn to K* x K* that is defined and locally con- 
stant outside a finite number of lines through the origin (given by y = rx, where r runs 
through the set of roots to P(l,r) = and the set of roots to Q{l,r) = 0). Hence the 
composition (x, y) ^ g{P{x, y), Q{x, y)) is locally constant outside a finite number of lines 
through the origin. A finite product of such functions will itself be locally constant outside 
a finite number of lines through the origin. □ 

We can go further. Let us examine the one- variable case first. The main results in what 
follows are Cor. 15.71 and Cor. I5.10[ 

5.4.1. Lemmas on integration in one variable. 

Lemma 5.5. Let be a local field. Letn he a positive integer; assume either char (K^) = 
or n \ char(i^„). Let P G Ky[t] be a non-zero polynomial. Then, for every to £ 
¥^{K), there is a punctured neighbourhood Ut^ of to such that, for all t G Ut^, the value 
of P{t) mod{K*)^ depends only on {t — to) mod(iC*)". (If to = oo, read 1/t instead of 
t-to.) 

Proof. If two polynomials Pi and P2 satisfy the conclusion, so does their product Pi • P2. 
We can hence assume that P is irreducible. 

We can also assume that we are looking at points to with v{to) >0: to look at to with 
v{tQ) < (or at to = 00), replace P(t) by P(l/t) • f"", where r is the least integer such 
that rn > deg(P). 

If P is a constant, then what we seek to prove is trivially true. 

Assume now that P G Ky[t] is linear, i.e., of degree 1. Then P{t) = at -\- b, a,b £ K^. 
The value of P{t) mod {K*Y wiU depend only on t - to mod (iT*)" for tg = -b/a. At all 
points other than to = —b/a, the function t — > P(t) mod(-fr*)" is locally constant. 

Assume, lastly, that P G K^[t\ is an irreducible polynomial of degree 2 or more. By 
Hensel's lemma, there is an integer k such that v{P{t)) < k for all t G with v{t) > 0. 
(If v{P{t)) is too large, Hensel's lemma states that there is a root of P(t) in K^j near t, and 
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SO P would not be irreducible over K^.) Again by Hensel's lemma, there is an integer i 
such that 1 + X £ (K*)"" for all x S Ky with v{x) > £. Let to £ Ky satisfy t'(to) ^ 0. Since 
1 1— > P{t) is a continuous map, there is a neighbourhood Ufg of such that v{t — tQ) > i + k 
for all t £ Ut(y By the preceding discussion, P{t) mod(-ftr*)" is constant on Ufa- □ 

Corollary 5.6. Let Ky be a local field. Let n be a positive integer; assume either 
char(iir^) = or n \ char(i^t,). Let g be a complex-valued function on ¥^{Ky) of the 
form 

g{t) = giiPlit),Qi{t)) ■ g2iP2{t),Q2it)) 5r (Pr (i ) , Qr (0 ) , 

where each gj is a function from K*/{K*Y^ x K*/{K*)'^ to C, and Pj,Qj G ^K,v[t] are 
non-zero. 

Then, around each to G F^{Ky), there is a punctured neighbourhood Uta such that, for 
all t G to, g{t) depends only on {t — to) mod(-Rr*)"'. (If to = oo = F^{Ky), read 1/t instead 
oft -to.) 

Proof. Apply Lemma 15.51 to each Pj and each Qj. □ 

Corollary 5.7. Let Ky be a local field. Let n be a positive integer; assume either 
char(i^t,) = or n \ chai^Ky). Let g be a complex-valued function on ¥^{Ky) of the 
form 

git) = ffi(Pi(t), Qi(t)) • 52(P2(t), Q2(t)) griPr{t),Qrit)), 

where each gj is a function from K*/{K*)^ x K*/{K*)^ to Q, and Pj,Qj G i^K,v[t] are 
non-zero. 

Then, for every ball U in Ky, 

[ g{t)dt 
Ju 

is a rational number. 

Proof. Immediate from Corollary 15.61 and Lemma l4.9[ □ 
5.4.2. Lemmas on integration in two variables. 

Lemma 5.8. Let Ky be a local field. Letn be a positive integer; assume either char (Ky) = 
or n \ char(i^^). Let P G Ky[x,y] be a non-zero homogeneous polynomial. Let R = 
{{x,y) G Ky X Ky : mm{v{x),v{y)) = 0}. Let iTr : R ^ Ky be the map given by {x,y) i— > 
x/y. 

Then, for every to G F^iKy), there is a punctured neighbourhood Ut^^ of to such that, for 
all {x,y) G 7r~^{UtQ), the value of P{x,y) mod{K*)"' depends only on (x — toy) mod(A'*)" 
and y mod(K*)" (or x mod(K*)" and y mod(-fC*)'^ if to = oo). 

Proof. Since P is homogeneous, polynomial on the variable 

x/y. Let to G F^{Ky). By Lemma [5.51 there is a punctured neighbourhood UtQ of 
such that, for all {x,y) with T:r{x,y) = x/y inside Ut^, the value of Q{x/y) mod(i^*)" 
depends only on {x/y — to) mod(i('*)" (or y/x m.oA{K*)'^ if to = co). Hence the value of 
P{x,y) mod(-fC*)" = Q{x/y)y^'^^^'^^^ mod{K*)^ depends only on {x/y — yo) mod(i^*)" 
and y mod(K*)" (or y/x mod(K*)" and y mod(K*)" if to = oo). □ 

Corollary 5.9. Let Ky be a local field. Let n be a positive integer; assume either 
char(K„) = or n I char(i^^). Let g be a complex-valued function on A'^{Ky) of the 
form 

g{x,y) = gi{Pi{x,y),Qi{x,y)) ■ g2{P2{x,y),Q2{x,y)) gr{Pr{x,y),Qr{x,y)), 

where each gj is a function from Ky/{Ky)'^ x K*/{Ky)'^ to C, and Pj,Qj G Ky[x,y] are 
non-zero and homogeneous. Let tt^ : R ^ Ky be the map given by {x, y) x/y. 
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Then, for every to £ F^iK^), there is a punctured neighbourhood Ut^ of tQ such that, for 
all G 7r~^{Utg), the value of P{x,y) mod{K*)^ depends only on {x — t^y) mod(i^*)" 

and y mod(K*)" (or x mod(K*)"' and y m.od{K*)^ if tQ = 00). 

Proof. Apply Lemma 15.81 to each Pj and each Qj. □ 

Corollary 5.10. Let he a local field. Let n he a positive integer; assume either 
char(i^^t,) = or n I c\isx{K^). Let g be a complex-valued function on A?'{K^) of the 
form 

a{x,y) = gi{Pi{x,y),Qi{x,y)) • g2{P2{x,y),Q2{x,y)) gr{Pr{x,y),Qr{x,y)), 

where each gj is a function from K*/(K*)''^ x K*/{K*y'' to Q, and Pj,Qj G K^[x,y] are 
non-zero and homogeneous. 

Let R = {(x, y) e K^; x Ky : mm(f (x), v{y)) = 0}. Then, for any balls f/i, C/2 C K^, 

/ f{x,y)dxdy 
jRn(UixU2) 

is a rational number. 

Proof. Let iTr : R ^ be the map given by {x,y) ^ x/y. We can cover ¥^{Kv) by 
neighbourhoods Ut^ U {to}; where Ut^ is as in Cor. 15.9^ and then refine this covering into 
a partition of ¥^{K^) into a finite number of balls Ut^ U {io}- It is enough to show that 

(5.15) / f{x,y)dxdy 

J 7T-\Uto)niUixU2) 

is rational for one such ball Utg. We can assume without loss of generality that v(to) ^ 0, 
and, in particular, that to 7^ 00. (If t'(to) < 0, switch the variables x and y.) We can also 
assume that v{t) = f(to) for all t G Ut^. (Make all neighbourhoods Utg small enough at 
the beginning.) 

As in the proof of Lemma 14.91 it is enough to show that the area of each set of the form 
TT~^{{to + g{K*)"') n Utff) n {Ui X U2) is rational. We can assume that Ut^ is small enough 
for Utg ■ Ui to be equal to to ■ Ui. (For this to be true, it is enough that the radius of C/tg 
be smaller than the radius of Ui.) Either the ball to " Ui is disjoint from U2 (and we are 
done), or to ■ Ui is contained in U2 (and we replace Ui by tQ^U2) or t^^ ■ U2 is contained in 
Ui (and we replace U2 by tot^2)- In any of these cases, we have that it is enough to show 
that 

Area(7r-i((to + giKT) n UtJ n (Ui x K,)) 

is rational. 

If v{to) > 1, 

Area(^,-i((to + giK*^) n Ut,) n {Ui x K,)) 

= Area((to + 5(i^*)") n t/jj • Area([/i n {x e : v{x) > 0}). 

If 

Area(^,-i((to + giK*^) n Ut,) n {Ui x K,)) 

= Area((to + 5(i^*)") n t/jj • Area([/i n {x £ : v{x) > 0}). 

Both UiCi {x £ Ky : v(x) > 0} and Ui H {x £ Ky : v{x) > 0} are unions of finitely many 
disjoint balls, and thus they have rational areas. We show as in the proof of Lem. HT9l that 
Area((to + g{K*)^) n Utg) is rational, and we are done. □ 

Corollary 15.71 and 15.101 will all be useful when we determine the average root number 
for those rare families where it is not zero. 
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6. The shape of the global root number 

6.1. Outline. Let S be an elliptic curve over K{T), where is a global field. For sim- 
plicity, say -fC = Q. Let x,y gZ. We can write the root number of S{x/y) as follows: 

W{<g{x/y)) = -^Wp{S{x/y)), 

V 

where (x/y)) is the local root number at p. 

Local root numbers will be described explicitly in Prop. 16.11 As one can see there, the 
most interesting case happens when Sixjy^ multiplicative reduction at the local root 
number at p is then 

W,{S{xly)) = - 



V 

where ce is one of the parameters describing S in the standard fashion. (See §6.2.1[ ) The 
local root numbers at places of non-multiplicative reduction are dull in comparison. 
Thus, equals something dull times 

(6.1) n M'.(^(-M= n 

Sixjy) has mult. S{x/y) has mult, 

reduction at p reduction at p 

Now, the set of primes at which <§[x/y) has multiplicative reduction is more or less 
the same (though not quite the same!) as the set of primes dividing M^{x,y), where 
G Z[X,Y] is the product of the polynomials corresponding to the places v of K{T) 
where S' has multiplicative reduction. Hence (j6.ip equals 

d„u. n (-(^))=d„ii.A(M,(.,.)). n (^) 

(6 2) P\Ms(^,y) ^ ^ ^ ^ p\Mg{x,y) V ^ / 

=d„ii.A(M.(.,.),.(^; 

where A(n) = Hpinl"-'-)^*'''"^ Liouville function. 

We proved in ^that quadratic reciprocity symbols are dull. Thus, 

dun.A(M^(x,y))- (^1^) =dun.A(M^(x,y)). 

Therefore 

W{S{x/y) = dnW - \{Mg{x,y)). 
This is the gist of Theorem 16.61 the main result in this section. 

6.2. Preliminaries. 

6.2.1. Valuative criteria for reduction type. Let be a Henselian field whose residue field 
has characteristic neither 2 nor 3. Let E be an elliptic curve over K^. Let C4,C6 S K^j 
be a set of parameters describing E. As is usual, define the discriminant A of (the given 
model of) E to be 

1728 

Then the reduction of at w will be 

• good if f (C4) > 4fc, v{cq) > 6k, v{A) = 12k for some integer k; 

• multiplicative if f (04) = 4:k, v{cq) = 6k, v{A) > 12A; for some integer k; 
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• additive and potentially multiplicative if ^(04) = Ak + 2, f (cg) = 6/c + 3 and f (A) > 
12/c + 6 for some integer k\ 

• additive and potentially good in all remaining cases. 

It is easy to derive these criteria for reduction type from, say, |36j, Prop. VII. 5.1; all we 
need is a minimal model for E. We can find such a model as follows. Let vr G i^K^ be a uni- 

formiser for K^, i.e., an element of such that ^(vr) = 1. Let k = min ^ , ^^^^ ^ . 

Since the characteristic of is 7^ 2, 3, the equation = x'^ — 27c/^tt~'^^x — 54c67r~^'^ 
describes an elliptic curve with C4- and ce-parameters equal to 6^7r~^'^C4 and Q^tt~^^cq, re- 
spectively. Since the residue field characteristic of Ky is also 7^ 2, 3, the valuations of these 
parameters are t;(6^7r~^^C4) = v{c4)—4,k and ?;(6^7r~^'^C6) = f (cg) — 6A;. By the definition of 
A;, either u (04)— 4A: < 4 or v{cQ) — Qk < 6. Thus, the equation = x^ — 27c47r~^'^ — 54c67r~^'^ 
provides a minimal model for E. Now apply [36], Prop. VII. 5.1. 

We will say that a curve with bad reduction has half bad reduction if a quadratic twist 
of the curve in question has good reduction; we will say it has quite bad reduction if no 
quadratic twist has good reduction. It is simple to see that the reduction is half bad exactly 
when v{c4) > 4A; + 2, v{cq) > 6A; + 3 and v{A) = 12k + 6 for some integer k. 

6.2.2. Local root numbers for p f 2, 3. Local root numbers at infinite places. Recall that 
we write (-/p) for the quadratic reciprocity symbol on (K*; see (15. 8p . 

Proposition 6.1. Let K be a global field. Let p be a prime of K such that char(A'p/pi^p) 7^ 
2,3. Let E be an elliptic curve over K . If the reduction of E at p is good, then Wp{E) = 1. 
// the reduction of E atp is additive and potentially good, then 

(a) Wp{E) = (— 1/p) if Vp{A{E)) is even but not divisible by four, 

(b) Wp{E) = (— 2/p) ifvp{A{E)) is odd and divisible by three, 

(c) Wp{E) = (— 3/p) if Vp{A{E)) is divisible by four but not by three. 
If the reduction of E atp is additive and potentially multiplicative, then 

(6.3) Wp{E) = (-1/P). 

If the reduction is multiplicative and cq is the parameter from any Weierstrass model of 
E, then Wp{E) = -1 when -cq G {K*)"^ and Wp{E) = 1 when -cq ^ (K*)'^. In other 
words, when the reduction is multiplicative, 

(6.4) Wp{E) = -{-ce/p). 

Proof. The formulae for good and multiplicative reduction are classical; see, e.g., parts (i) 
and (ii) of the Proposition in [31] . §19. The case of multiplicative reduction was put in 
the form (j6.4p in [5l Lemma 2.2] (but similar expressions were known before). 

The formulae for additive reduction are proved in [3(T, Prop. 2-3], when K = Q, and in 
[32| Prop. 2(iii)] for K a number field. (Apply ^32| Prop. 2(iii)] with r equal to the trivial 
(one-dimensional) complex representation.) Rohrlich's arguments rest on older work (see 
[7]) valid for local fields of any characteristic, and his proofs are general enough to carry 
over to all local fields Kp with residue characteristic 7^ 2, 3. See the discussion in the proof 
of [5], Thm. 3.1. □ 

Recall that, for us, a global field is either a number field or a function field over a finite 
field. In the following proposition, we assume that i^T is a number field, as opposed to any 
global field, simply because function fields have no infinite places. 

Proposition 6.2. Let K be a number field. Let E be an elliptic curve over K. Let v be 
an infinite place of K . Then 

W,{E) = -1. 
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Proof. See [SU §20]. □ 

6.2.3. Notation. Henceforth K will be a global field of characteristic neither 2 nor 3. Fix 
a finite, non-empty set of places V of K including all archimedean places. Let be an 
elliptic curve over K{T) given by Ci,CQ G K{T). The parameters C4,C6 S K{T) give us 
the discriminant A = ]^{(^ — Cg) G K[T). 

Define Mg^Bg € &K,v[x.,y\ as in (j2.ip . (They are the products of the polynomials 
corresponding to the places of K{T) where S has multiplicative or quite bad reduction, 
respectively.) We will henceforth let (a|6)o be as in (j5.7p . (Essentially, is a quadratic- 

reciprocity symbol that ignores the contributions of the prime ideals dividing 0.) 

Let 3^ be the set of all places w of K{T) such that w{c/i) / 0, w{cq) / or w(A) / 0. 
We can write 

iii:«)(c4)7^0 

(6.5) "6(^/^) = t n (^-(^,y)r^^^ 

iii:«)(c6)7^0 

A(x/y) = ^ n (^-(^,y)r^^^ 

^ tu:«)(A)^0 

for some dQ,di,d2,d^,d4,d5 G ^k,v^ where is the homogeneous polynomial correspond- 
ing to w (see ^2.1.1|) . Let dg £ Ik,v be the principal ideal generated by 

(6.6) 2 ■ ^ ■ dQdid2d'idid5 ■ Res(P^i, Pu,2). 

S has bad red. at wi, U12 

One may say that ^ is the set of interesting places of K(T), whereas dg is the product 
of the prime ideals corresponding to the interesting places of K. 

6.3. The contribution of a place of K{T) to W{S'{t)). Let w be a place of K{T). 
It is natural to define Wg^Q^^{x,y) = npfo p|p„(x y) ^p('^(^/y))i which may be thought of 
as the contribution to W{S'{x/y)) = Ilv coming from the place w of K(T). 

(Here and henceforth, the variable p in a product Yl^ is understood to range over the 
prime ideals of &Ky-) 

Proposition 6.3. Let K he a global field of characteristic 7^ 2, 3; fix a finite, non-empty 
set of place V of K including all of the infinite places. Let S he an elliptic curve over 
K[T). Let w he a place of K{T). Let X) G iKy any ideal divisible hy Dg. 

Then, for all x,y £ v with x/y outside a finite set of values and gcd(x, y)\^°° , 
(6.7) 

g{x,y) ■ h{x,y) ■ A(P^(x,?/)) if S' has multiplicative reduction at w, 
g{x, y) ■ h{x, y) otherwise, 



Wg^x,,w{x,y) 



where 

(a) A is the Liouville function, 

(b) g{x,y) is of the form 

(6.8) g{x,y) = gi{Pi{x,y),Qi{x,y)) ■ g2{P2{x,y),Q2{x,y)) gk{Pk{x,y),Qk{x,y)), 

where each vj is a place of K, gj is a function from K*./{K*.)'^ x K*./{K*.)'^ to 
{—1,1}, and Pj,Qj G ^Ky[x,y] are non-zero and homogeneous, and 
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(c) h{x, y) is of the form 



(6.9) 



h{x,y) 



Y[ hp{c6{x/y),Pyj{x,y)) 



where hp is a function from K*/{K*)'^ x K*/{K^)^'^ to {-1, 1}. 

// the reduction of S at w is half-had, then h{x,y) = 1 for all values of x and y. If the 
reduction of S at w is good, then g{x,y) = 1 and h{x,y) = 1 for all values of x and y. 

Remark. Recall that Pw € ^K,v[x,y] is defined to be a homogeneous polynomial 
corresponding to a place w of K(T). For gj{Pj{x,y),Qj{x,y)) to be well-defined, the 
values Pj{x,y), Qj{x,y) must lie in K*_.; they lie in K*_. whenever x/y is outside a finite 
set of values - in this case, the set of roots of Pj{t, 1) and Qj{t, 1). The same goes for 
ce{x/y) and Pwix,y); they lie in K* whenever x/y is outside a finite set of values. 

Proof. Case 1: S has good reduction at w. By the valuative criterion for good reduction 
( ^6.2.ip . we know that w{c4) > Ak, w{cq) > 6k and w{A) = 12k for some integer k, where 
we see C4, cq and A as elements of K{T). Let p\Pw{x,y), p f c). Since d^\d and gcd(x,y)|c), 
then, by one of the main properties of the resultant (see ^3.3p . the ideal p cannot divide 
any P^'ix^y) with w' E 3^, w' 7^ w. Thus 



Thus, again by the criteria in §6.2.11 the elliptic curve £'{x/y) over K has good reduction 
at p. Hence Wp{(^{x/y)) = 1. We thus have 



for all x,y G ^k,v with gcd{x , y)\d°° . 

Case 2: S has half-bad reduction at w. By the criterion for half-bad reduction (end of 
§6.2.ip . we know that u){ci) > 4/c + 2, vj{cq) > 6A: + 3 and w(A) = 12A; + 6 for some integer 
k. Let p\Pw{x,y), p f t). Since d^\d and gcd(x,y)|t), p cannot divide any Pw'{x,y) with 
w' G w' / w. Thus 



Thus, again by the criteria in §6.2.11 the elliptic curve S{x/y) over K has half-bad reduc- 
tion at p if Vp{Pw{x,y)) is odd, and good reduction at p ii Vp{Pw{x,y)) is even. Hence 



Vp{ci{x/y)) = w{ci) ■ Vp{Pu,{x,y)) > Ak • Vp{Pu,{x,y)), 
vpi^e(^/y)) = ^(ce) • Vp{Pw{x,y)) > 6k • Vp{Pu,ix,y)), 
Vp{A{x/y)) = wiA) ■ Vp{PUx,y)) = 12k ■ Vp{P^{x,y)). 



W^^i3^uj{x,y) 



n Wp{^{x/y)) = l 



P\Pw{x,y) 



Vp{c4,{x/y)) 
vp{c&{x/y)) 
Vp{A{x/y)) 



w{ci)-Vp{P^{x,y)) > {Ak + 2) ■Vp{Pu,(x,y)), 
w{cq) ■ Vp{Pw{x,y)) > {6k + 3) • Vp{Pw{x,y)), 
w{A)-Vp{PUx,y)) = {12k + 6)-Vp{P^{x,y)). 




Thereby 



p\Pw{x,y) 
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where (a|6)o is as in (j5.7p . (Recall that 2\dg, and so 2\d.) By Cor. 15.31 i~MPwix,y))() can 
be written in the form 

gi{Pi{x,y),Qi{x,y)) • g2{P2{x,y),Q2{x,y)) 9k{Pk{x,y),Qk{x,y)), 

where gj, Pj and Qj are as in the statement we wish to prove. Set, then, g{x,y) = 
{-l\P^{x,y))j, and h{x,y) = 1. 

Case 3: ^ has multiplicative reduction at w. From the criteria for reduction type, we 
know that w^c^) = Ak, w{cq) = 6k and w{A) > 12k for some integer k. Let p\P^{x,y), 
p \ d. Since d^\d and gcd{x,y)\d, the ideal p cannot divide any Pw{x,y) with w £ 
w' 7^ w. Hence, 

Vp{ci{x/y)) = w{c4) ■ Vp{Pw{x,y)) = Ak ■ Vp{Pw{x,y)), 
Vp{ce{x/y)) = w{cq) • Vp{P^,{x,y)) = 6k • z;p(P^(x, y)), 
Vp{A{x/y)) =w{A) ■ Vp{P^{x,y)) > 12k ■ Vp{P^{x,y)). 

Thus, £'{x/y) has multiplicative reduction at p. By Prop. 

Wp{^{x/y)) = -(-C6(x/y)/p). 

Hence (vd. dSZ])), 
(6.10) 

Ws^T,^y,{x,y) 



-C6(x,y)/p)r(^»(^'^))-^ 



n ( 


-(-C6(x,y)/p)) 










p\P-ui(x,y) 






n ( 


-(-C6(x,y)/p)r(^-(^'2')) 


n ' 








p|P„(x,y) 




p2|P„(a;,j/) 


n ( 


_l)«p(P»(-,y)).(_Cg(^,y)| 


^t«(2;,y))o 


p\XS 












n ( 


-(-C6(x,y)/p)r(^»(^'^))- 


-1 



pfO 
p2|P„(x,y) 

Now 

(_;L)^p(P»(x,3/)) ^ ^(p^(^^y)) . JJ(_l)'^p(P»(x,2/)). 

pfO p|0 

p\Pw{x,y) 

It is clear that nplo(-l)''''^^"'^'''^''^ is of the form and 

n (-(-C6(x,y)/p)r(^»("'^))-^ 

pfO 

p2|P»{x,y) 

is of the form (j6.9p . By Cor. 15.31 (— C6(x, y)|Pi„(x, is of the form (j6.8p as well. Thus, 
we obtain from (j6.10p that M^,r,o,«,(a;) y) is of the form (j6.7p . 

Case (5 /las additive, potentially multiplicative reduction at w. uj{c4^) = 4A; + 2, 
w{cq) = 6k + 3 and w{A) > 12k + 6 for some integer k. Then, for p|P^t,(x, y) with p f t), 

fp(c4(x/y)) = ?i;(c4) • Vp{Pw{x,y)) = {Ak + 2) • Vp{Pwix,y)), 

Vp{c6{x/y)) = w{c6) • Up(P^(x,y)) = (6A: + 3) • Vp{Pwix,y)), 

Vp{A{x/y)) = w{A) ■ Vp{PUx,y)) > {12k + 6) ■ Vp{P^{x,y)). 
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(6.11) 



Thus, S{x/y) has additive, potentiahy multiphcative reduction at p if v^{Pw{x,y)) is odd, 
and multiphcative reduction at p if fp(P«,(x, y)) is even. Hence, by Prop. WA\ 

Ws,^A^^y)= n (-VP)- n (-(-C6(x,y)/p)) 
pfo pfo 

p\Pn,(x,y) p\Pn,(x,y) 
{Pw(x, y)) odd {Pw(x, y)) even 

= (-l|P^(x,y)). n (_(_c6(x,y)/p)). 

pfo 

p2|P»(x,s/) 
(-Pii,(a;, S/)) even 

By Cor. 15.31 {—1/ Pu]{x, y)) is of the form ()6.8p . It is clear that the product in the last line 
of (lelTTl is of the form 

Case 5: S" has additive, potentially good reduction at w and gcd(t(;(A), 12) = 2. For 
each p I 0, we are in one of three different subcases, depending on Vp{Pwix,y)): 



gcd(i;p(A(x/y)),12) 



2 or 6 if fp(Puj(x, y)) = 1, 3, 5 mod 6, 
4 if t7p(P^(x,y)) = 2,4 mode, 

12 if Up(P^(x,y)) EE mode. 



By Prop. EH the three cases result in Wp{S'{x/y)) = (-1/p), Wp{S'{x/y)) = (-3/p) and 
Wp{S'{x/y)) = 1, respectively. Hence 



(6.12) 



pfO 

p\P^{x,y) 



pfO 

p2|P»(x,y) 

(-l|P^(x,y))o- J] /p(t;p(P^(x,y))), 
pfo 

p'^\Pw{x,y) 

where /p(a) = (—3/p) if a = 2,4 mode, and /p(a) = 1 otherwise. By Cor. 15.31 the term 
{—l\Pw{x,y))-o is of the form (le.Sp : it is clear that the product in the last line of ()6.12p is 
of the form (16. 9p . 

Case 6: S has additive, potentially good reduction at w, and gcd(?i;(A), 12) = 3. As in 
case 4, we have three possible subcases for each p f c): 



gcd{vp{A{x/y)),12) 
Hence, by Proposition 16.11 

Wpi^ix/y)) -- 



3 if fp(P^(x, y)) = 1, 3 mod4, 
6 if z;p(P^(x, y)) = 2 mod 4, 
^12 if z;p(P^(x,y)) = mod4. 



(-2/P) ift;p(P^(x,y)) = l,3mod4, 
(-1/p) if Vp(P^(x,y)) = 2 mod4, 
1 if t;p(P^„(x,y)) = mod4. 



Thus 
(6.13) 



^#,o,«;(a;,y) = (-2|P^(x,y))o • hp{vp{Pu,{x,y))), 



pfo 

p''\PA^,y) 



(—1/p) if a = 2 mod4 and /p(a) = 1 otherwise. The product in (|6.13p is of 
the form <\6.9^ . By Cor. 15.31 {—2\Pw{x,y))i, is of the form (16. 8p . Case 7: S' has additive. 



where hp(a 
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potentially good reduction at w, and gcd(w(A), 12) = 4. We have two subcases: Here 

4 if r;p(P^(j;, y)) = 1, 2 mods, 
if i;p(Pt„(a;, y)) = mod 3. 



?cdK(A(x/y)),12) 



Hence Wf{S{x/y)) = (-3/p) if 3 \ v^iP^{x,y)) and PFp(^(x/y)) = 1 if 3|t;p(P^(x, y)). 
Thus 

(6.14) Wg^^ 

p2|P»(x,y) 

where /p(a) = (—3/p) if a = 2, 3, 4 mod 6, and /p(a) = 1 otherwise. The product in (I6.14p 
is of the form ([63]). By Cor. ESI (-3|P^„(x, y))o is of the form ([SSD- □ 

6.4. The global root number. Let us first prove a lemma that will come useful soon. 

Lemma 6.4. Let K be a global field. Let n > 1. Assume either char (A') = or 
gcd(n, char(i^)) = 1. 

Let f be a complex-valued function taking values in {—1,1}. Suppose that, for every 
to e P^-^); there is a punctured neighbourhood Ut^ of to such that, fort G Utg, the value of 
f{t) depends only on (t — to) mod(i^'*)". (Read l/t instead of (t — to) if to = oo £ F^{K).) 

Then there are rational functions Rj E {K(T))* and functions gj : K* /(K*)'"' { — 1, 1} 
such that 

/(t) =5l(i?l(t))-ff2(i?2(t)) 9kiRk{t)) 
for all t €z K outside a finite set. 



This is the converse of Corollary 15.61 

Proof. We can assume that each Ut^ is a punctured ball around to- (Otherwise, simply 
replace each Utg by a punctured ball around to contained in Ut^.) The neighbourhoods 
UtQ U {to} are an open cover of ¥^(K). Since F^{K) is compact, there is an finite subcover. 
Given two balls in a non-archimedean field, either they are disjoint or one of them contains 
the other one. Hence, our open subcover is a partition of P^(-fC). It will thus be enough to 
construct a function g : K* /{K*)"^ — > {—1, 1} and a rational function R G {K{T))* such 
that g{R{t)) = f{t) for all t E Ut^ and g{R{t)) = 1 for all t Uto U {to}- (We can then 
take the product of all such g for all Ut^ in the finite subcover.) We can assume without 
loss of generality that to = and Ut^ = Uo = {t £ K* : v{t) > 0}. We can also assume 
that /(t) is not identically 1 on Uo, as otherwise the problem is trivial. 

Assume first that /(t) is identically —1 on Uo- Define g{x) = —1 for x ^ (K*)^ and 
g{x) = 1 for x € (K*)'^. By Hensel's lemma, (K*)^ is an open subset of K*; in other 
words, there is an ^ > such that every element of the form 1 + x, v{x) > i, lies in 
(K*)". Let a be any element of K* \ (JC*)" with v{a) < Then a + x £ K* \ {K*Y 
for all X G K* with v{x) > 0. Let k be the least integer such that kn + v{a) > i. Then 
a + t'^" G (K*)" for all t G K* with v{t) < 0. Define R{t) = a + t^"-. We have shown that 
f{t) = g{R{t)) for all t G i^*. 

Assume now that /(t) is not identically —1 on Uo- By hypothesis, for all t G Uo, 
f(t) = h{t), where /i is a function from K*/{K*Y to {-1,1}. Let g{t) = h{t-^); since 
/(t) is not identically —1 on Uo, g{t) is not identically —1. Let i be as before, i.e., 
a positive integer such that every element of the form 1 + x, v{x) > i, lies in (K*)^. 
Let a be any element of K* with g{a) = 1 and v{a) > I. Let k be the least integer 
such that kn + l > v{a) + I. Then g{a + l/t''"+^) = g{a) = 1 for all t with v{t) < 
and g{a + l/t'="+^) = g{l/t^"-+^) = /i(t'="+i) = h{t) for all t with v{t) > 0. Define 
i?(t) =a + l/t'="+^ We have shown that /(t) = g{R{t)) for all t£ K*. □ 
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We finally arrive at one of our main results. It states that the global root number 
W{S'{x/y)) can be expressed as something close to a finite product times X{M^{x,y)). 

Proposition 6.5. Let K be a global field of characteristic ^ 2,3. Let S be an elliptic 
curve over K{T). 

Fix a finite, non-empty set V of places of K containing all archimedean places; let do 
be any non-zero ideal of &k,v- Then, for all x,y G &k,v with x/y outside a finite set of 
values and gcd{x^y)\^^ , 

(6.15) W{S{x/y)) = g{x, y) ■ h{x, y) ■ \{Ms{x, y)), 
where 

(a) A is the Liouville function, 

(b) and Bg, the polynomials corresponding to the places of multiplicative and quite 
bad reduction, are as in 12. 

(c) g{x,y) is of the form 

(6.16) g{x,y) = gi{Pi{x,y),Qi{x,y)) ■ g2{P2{x,y),Q2{x,y)) gk{Pk{x,y),Qk{x,y)), 

where Vj is a place of K , gj is a function from K*^/{K*.)'^ x K*. /{K*.)'^ to{— 1,1}, 
and Pj,Qj G ^K,v[x,y] are non-zero and homogeneous, and 

(d) h{x,y) is of the form 

(6.17) h{x,y)= Y[ n ^t«,p(c6(a;/y),P«,(2:,y)), 



w 



„9 1 D /- \ ^ h,<is q. bad red. at w 

where h^^p is a function from Kp/{K*)'^ x K*/(A'*)^2 to {-1, 1}. 
The functions g and h depend on S , K , V and d. 

Proof. Let = Dofif, where is as in (16. 6p . By Prop. \67l\ Wp{S'{x/y)) = 1 when S{x/y) 
has good reduction at p. Let p j" i) be a prime at which S{x/y) has bad reduction. Then 
Up(A(x/y)) / 0, and so, by (|6.5p . p|P^(x,y) for some place w such that w{IS) / 0. Since 
O^IO and gcd(x,y)|c), and 0^ is defined as a product of resultants (|6.6p . the ideal p cannot 
divide any Pwi{x,y) with w' G w' ^ w. Hence 

Wi^{x/y))= H W,i^{x/y))- J] Wpi^{x/y)) 

t)GVU{p;p|0} pfO 

has bad red. at p 

(6.18) = n w.ic^i^/y))- n n ^p('^(^/y)) 

ueV'U{p;p|0} w:w{A)j^O pfO 

p\Pwix,y) 

= n W,{^{x/y))- J] Wg,^,U^,y). 

t)eVU{p;p|0} w:w{A)^0 

The statement now follows from Thm. 14.81 Prop. 16.21 and Lem. 16.41 (applied to the first 
product in the last line of (|6.18p ) and from Prop. 16.31 (applied to the second product in 
the last line of (16.180 ). Note that, again by the fact that dg is a product of resultants, 
the condition p^\Bg{x,y) holds for some p f if and only if p'^\P^{x,y) for some place w 
where S' has quite bad reduction. □ 

The following is a somewhat less explicit and more readable restatement of Prop. 16. 5i 
It will be quite enough for all of our purposes, including the proofs of the main theorems. 
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Theorem 6.6. Let K be a global field of characteristic 7^ 2, 3. Let be an elliptic curve 
over K(T). 

Fix a finite, non-empty set V of places of K containing all archimedean places; let Dq 
be any non-zero ideal of &k,v- Then, for all x,y £ &k,v with x/y outside a finite set of 
values and gcd(x, y)|c)^, 

(6.19) W{S{x/y)) = g{x, y) ■ h{x, y) ■ A(M^(x, y)), 

where 

(a) A is the Liouville function, 

(b) Mg is the polynomial corresponding to the set of places of multiplicative reduction 
(see (E2p;, 

(c) g{x, y) is of the form 

9{x,y) = W gv{x,y), 

ves 

where S is a finite set of places of K and g^ : x {— !> 1} is locally constant 

outside a finite set of lines through the origin in x K^, and 

(d) h{x,y) is of the form 

where hp : Kp x Kp { — 1, 1} is locally constant outside a finite set of lines through 
the origin in Kp x Kp. The equality hp{x, y) = 1 holds whenever p'^\B£-{x, y), where 
Bg is the polynomial corresponding to the set of places of quite bad reduction (see 

Remark. The lines through the origin mentioned in (jcj) are defined over the algebraic 
closure of K^; the same is true of the lines in ([d]) and Kp. Thus, for example, \i K = <^ and 

V is the infinite place of Q, the lines have algebraic slopes (though one may be vertical). 
For every p ^ S and every ball U in Kp, hp{x, \)dx is rational. For every finite place 

V £ S and every ball U in Ky, Jjjgy{x, l)dx is rational. 

For every finite place v, let = {{x,y) G Ky x Ky : mm{v{x),v{y)) = 0}. Then, 
for every p ^ S and any balls Ui,U2 C Ky, the integrals f^^j^jj^^jj^^ gp{x,y)dxdy and 

/ru(C/ixI/2) hp{x,y)dxdy are rational. 

Proof of Theorem \6.6[ Immediate from Proposition 16.51 and Lemma [5. 4 [ (A finite number 
of factors has to be taken from the product defining h{x, y) and included in the product 
defining g{x,y).) The statements in the remark follow easily from Proposition 16.51 and 
Corollaries O and Eini □ 

7. The distribution of the global root number 

The time has come to compute averages. From now on, we shall be working with 
families S over Q(t). (A great deal of what follows probably holds just as well for S /K{t), 
K Q, under different conventions on how to average functions from K to C. See the 
comments in ^2.41 ) 

We now know what W{S'{x/y)) looks like (Thm. 16. 6p . Its behaviour as x and y vary 
depends on the polynomials Bg and Mg. If Bg = 1 identically, then ( ^7.2p the function 
t 1-^ W{£'{t)) is a product of finitely many functions each of which is locally constant 
almost everywhere. Finding the average of such a function (over Z or over Q) is not 
particularly hard. 

If Bg 7^ 1, the behaviour of W{S'{t)) will be more complex. If Bg ^ 1 and Mg is 
identically 1, then ( ^7.4p the average of W{S'{t)) is not necessarily zero. We will be able 
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to compute this average under the assumption of hypothesis £^i{Bg[t, 1)) (if the average 
is over Z) or £^2[Bg) (if the average is over Q). 

Suppose now that Bg ^ 1, Mg / 1 and K = Q. (This is the general case.) Then ( ^7.6p 
the average of W{S'{t)) is in fact 0. This is our main result. It is conditional on hypotheses 
£^i{Bs{t, 1)) and ^i(M^(t, 1)) (if the average is over Z) or s^2{Bg) and SS2{Mg) (if the 
average is over Q). We have already discussed ( ^2.2p the cases in which these hypotheses 
have already been proved. We shall see some families S for which the main result is, in 
consequence, unconditional. 



The same procedure that we use to compute averages can be used to compute autocorre- 
lations, viz.. 



and the like. In particular, if Mg(t, 1) is not identically zero, then (j7.ip is zero, condition- 
ally on £/i{Bg{t, 1)) and ^i{Mg(t, l)Ms{t + 1, 1))). It is hard to tell whether expressions 
such as (|7.ip are of any interest; an application might make the difference. We shall not 
discuss (17.1j) further. 

7.1. Averaging finite products. The following propositions will be very useful for find- 
ing the averages of the root numbers in certain special families ( §7.2p . To deal with other 
families, we will later prove auxiliary results that are elaborations of the ones here. 

Proposition 7.1. Let S he a finite set of places of Q. For every v & S, let : ^ C 
be a bounded function that is locally constant almost everywhere. Then 



where, if oo ^ S, then Cqo = 1, and, if oo £ S, then Cqo is the value gooix) takes for all x 
positive and sufficiently large. 

Here, as always, "almost everywhere" means "outside a finite set of points". Thus, in 
particular, ^00(3^) is constant for all sufficiently large positive reals x. 

In ()7.2p as elsewhere, p £ S denotes a finite place of S, i.e., a prime; in other words, the 
product ripes I'anges over the primes in S. 

Proof. Let |S| be the number of elements of S. For p £ S, let Sp C Qp be the finite set 
of points X in <Qp at which gp{x) is not locally constant. We can cover Sp by arbitrarily 
small balls. In particular, we can cover Sp by disjoint open balls whose union Xp C Zp 
has measure < j^. Let Rp = 'Lp\ Xp. (Here Xp stands for "exceptional" and Rp stands 
for "regular".) Then, since gp is bounded. 



* * * 



(7.1) 




n<N 



(7.2) 




(7-3) W j gp{x)dx - n / 9p{x)dx < \S\ ■ ■ max J| gp{x) = 0(e). 




Let Up be a ball in the cover of Sp. We can write Up = a + p^Zp for some a G Z, A; > 0. 
Now 




n<N v(^S n<N 
n=a modp'' n=a modp* 
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where fip is the measure on Zp. Let ip be the inclusion Z I^p. Let 

p{n) 

Then, thanks to the fact that Xp is the union of the sets Up in (|7.4p 



1 if Lp{n) G Rp for every p G 5 
otherwise. 



(7.5) 



n<N veS 



n 



« E 1 

n.<Af 

< ^^(TV • /ip(Xp) + 0(1)) <e-N + o{N), 
pes 

where the imphed constants do not depend on A^. 
By (17. 3p and ()7.5p . what remains to show is that 

avz p(n) • 5'd("') = Coo • JJ / gp{x)dx. 

Since Rp is compact and gp is locally constant on Rp, we can cover Rp by finitely many 
balls Up^j on each of which gp is constant. Given two balls in Zp, either they are disjoint 
or one contains the other; hence, we can take the balls Upj to be disjoint, i.e., we have a 
partition Rp = Uj Upj . It will be enough to show that 

/ \ 

n<N v£S 
\ Vp€S:i,p{n)eUpjp I 



lim 



n 



gp{x)dx 



for every choice of j = {jp}pes- Now, gp{x) is constant on Upj^, and goo{x) = Cqo for all 
X G M larger than a constant. It remains only to prove 



(7.6) 



lim 

N^oo 



\ 



1 

N 



1 



E 

n<N 

\ VpeS:Lp{n)eUpjp ) 



n ^p(^p.. 

pe5 



We can write f/pjp = ap +p'^pZp, Cp G Z, ep > 0. Then fJ-piUpj^) = p , and so 

\{f^p{Up,jp) = ^p-'-. 

p€S pes 

On the other hand, by the Chinese remainder theorem, the integers n such that Lp{n) G 
Upjp for every p G S form an arithmetic progression of modulus m = Hpe^P*^''- Hence 



lim — 

N^oo N 



n<N 

VpeS:Lp{n)eUpjp 



pes 



We have shown (17.61). and so we are done. 



□ 



Remark. The assumptions on gp in the statement of Prop. [7T] are stronger than they 
need to be for the lemma to be true. It would be enough, for example, to assume that 
gp : Qp — > C is a bounded function that is continuous outside a set of measure zero. (The 
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condition of boundedness can also be relaxed.) Prop. 17.11 will do for our purposes as is, 
however. 

Let us now examine averages over Z x Z. For any function / : Z x Z — > C, define 

„^ J,, . ,. 12{x,y)(i[-N,N\^:gcd(x,y)=lfi^->y) 

(7.7) av2;2_,„prime/(a;,y) = lim 



-,copnmc. v-^,.; JV^oo \{{x,y) G [-N,Nf : gcd(x, y) = 1}| " 

The condition of coprimality will be needed in applications: we mean x/y to go over all 
rational numbers without repetitions. Given a function / : Q ^ C, we define 

(7.8) avQ/(0= hm ^(-•..)e[-A^.A.p:gcd(.,,)=i,,^o /(^/l/) 



N^^ |{(x, y) G [-iV, iV]2 : gcd(x, y) = l][ 

This is a special case of the averages avQ^^ni defined in ^ (|2.4p : we have avQ = aV(Q^5nL 
for 5 = R2, L = Z2. 

Proposition 7.2. Let S be a finite set of places o/Q. For every v £ S, let : Qt,xQt, C 

6e a bounded function that is locally constant outside a finite set of lines through the origin. 
Then 



&^I?,coprime W 9v{x, y) = Coo • ^ ^ _2 / 9p{x, V) 

where Op = (Zp x Zp) \ {pZp x pZp), c^c = ^ if oo ^ S, and 
(7.9) Coo = lim jTTTr^ I goo{x,y) dxdy 



dxdy, 



N 



if OO £ S. 



Here l—p~^ is simply the measure of Op. (The measure fip of Qp is, as usual, normalised 
so that Zp has measure Hpi^p) = 1; then the measure {fip x fj,p)(Zp x Zp) is 1, and so the 
measure {fip x Hp){Op) of Op is 1 — p~'^.) 

Sketch of proof. The argument is the same as in the proof of Prop. 17. H let us just remark 
on the differences. 

The exceptional set (v infinite or finite) will consist of small neighbourhoods of the 
lines through the origin on which g^ is not locally constant. If a line in Q^, x Q„ is of the 
form y = ax, the neighbourhood will be of the form {{x,y) : \y/x — a\y < e}, where e is 
small. (The neighbourhood of a vertical line will be of the form {(x,y) : \x/y\y < e}.) In 
other words, the neighbourhoods of the lines will be small angles (or, in the nomenclature 
we introduced in §3.61 "sectors") containing the lines. 

Instead of the Chinese remainder theorem, we use the fact that, given lattice cosets 
ai + Li, 02 + L2, as + L3,. . . , a„ + in Z^ with indices [I? : Li] = [Z^ : L2] = 
[Z^ : L3] = pg^,. . . , [Z^ : Lk] = (where pi, p2, Ps,. ■ ■ , Pk are distinct), the intersection 

is a lattice coset a + L with index [Z^ : L] = Y[j<kP^/ ■ 

We also need the (easy) fact that, given a lattice coset a + L C Z^ and a sector 5 C M^, 

, , \Sn(a + L)\ 1 |5n[-iV,iV|| 

(7.10) lim J \ ^' = • hm ' 



iV^oo (2A^)2 [Z2 : L] N^oc {2Nf 

□ 



ON THE BEHAVIOUR OF ROOT NUMBERS IN FAMILIES OF ELLIPTIC CURVES 35 

7.2. Families of quadratic twists. Let be a family with = 1. This implies that 
= 1 as well. Theorem 16 . 61 then gives us a rather simple expression for W{S'{x/y)): the 
factors h{x,y) and X{M£-{x,y)) in (|6.19p become identically 1. One can actually obtain 
an even simpler expression fairly easily by examining this sort of family from scratch. Let 
us do so. 

By the definition of (see ()2.ip in ^2.1.ip . saying that B^ is identically 1 is the same 
as saying that there is a quadratic twist S" of S" having good reduction over every place 
of K[t]. A curve S" over K[t] has good reduction over every place of K[t] if and only if it 
is in fact a curve over K. Write S" in the form y'^ = + ax + b, where a,b £ K. Then S' 
is of the form 

for some polynomial / G -f^iT"]. 

Let us start by examining the case f{t) = t. 

Proposition 7.3. Let K be a global field of characteristic ^ 2, 3. Let E be a fixed elliptic 
curve given by a Weierstrass equation y'^ = x^ + ax + b, a,b £ K. Define 

Et : ty"^ = x^ + ax + b 

for t £ K* . Then the root number W{Et) can be written in the form 

(7.11) W{Et) = Ylw,{t), 

ves 

where S is a finite set of places of K, and '■ K* — > {—1, 1} is such that Wv{x) depends 
only onx{Klf G {Kl)/{Klf. 

Note that the factors are not the same as the local root numbers Wy. Even here, we 
will have to use quadratic reciprocity to obtain an expression for the global root number 
W{Et) as a finite product. 

Proof. For every place v oi K and every s G K*, the curves Et and Eg2t are isomorphic 
over K* . Hence, for every place f , the local root number W^(£^f) of Et depends only on 
the image of t in K*/{K*y. 

Let S be the union of the set of infinite places, the set of primes whose residue fields 
have char. 2 or 3, and the set of primes dividing the discriminant of y'^ = x^ + ax + b. By 
what we said, the product Hijes Wv{Et) depends only on the image of t in {K*/{K*)'^)yi^s- 
It remains to examine Hd^s Wv{Et). 

By Prop. EH nrfsW'(,f(t)) = np«s(-l/l>)""<". Now 

n,-i/rtM.. = n (^) = n (^) = n (^) . 

where is the quadratic Hilbert symbol. Since {^^^ depends on a, 6 G K* only 

mod-fC*^, the statement follows. 

□ 

Proposition 17.31 actuallv gives us the behaviour of the root number for any family S of 
the form f(T)y^ = x"^ + ax + b: equation ()7.1ip tells us that 

(7.12) Wi^it)) = W{Ef^t)) = n ^-(/(*))- 

ves 

This enables us to prove the following. 
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Corollary 7.4. Let S he an elliptic curve over Q(T) of the form 

(7.13) f{t)y^ = x^ + ax + b, 
for some a,b £ K , f G Then 

(7.14) avz W{S{t)) = Coo • n / 

where S and Wy are as in Prop. \7.3[ and Cqo is the value taken by Wooif{x)) for all 
sufficiently large x. Moreover, the integrals Yip Wp{f{t)) are rational numbers. 

Since Woo{t) depends only on t mod(M*)^ = t rnodM"*", it depends only on the sign 
sgn(t) oft. Because sgn(/(2;)) is constant for x sufficiently large, it follows that Woo{f{x)) 
is equal to a constant Cqo for all sufficiently large x. 

Proof. By Prop. 17.31 and Corollary 15.61 the functions t i— > Wp{f{t)) are locally constant 
almost everywhere. Equation (17.140 now follows immediately from Prop. 17.11 and Prop. 
I7.3[ The integrals Wp{f{t)) are rational by Corollary 15.71 □ 



Corollary 7.5. Let S be an elliptic curve over Q{T) of the form {7.13). Then 



(7.15) &YQW{S{x/y)) = Coo-W „2 / '^pifi^/y))dxdy, 

pes ^ ■^^p 

where S and are as in Prop. \ 7.3\ Rp = "Zp x 'Zp\ {pTjp x p'Lp), and 

(7.16) Coo = lim . / / Woo{x/y)dxdy. 

Moreover, the integrals J^^ Wp{f{t)) are rational numbers, and Cqo is an algebraic num- 
ber. 

We define ^00(2;) = 1 for all x if 00 ^ S. 

Proof. By Prop. 17.31 and Corollary 15.91 the functions t Wp{f{t)) are locally constant 
almost everywhere. Hence {x,y) Woo{x/y) is a locally constant function with values 
in { — 1,1} defined in the complement of a finite set of lines through the origin. Equation 
(|7.15p now follows from Prop. 17.21 and Prop. 17.31 

The integrals Jq Wp{ f{x/y))dxdy are rational by Corollary I5.1U1 Note that the lines 

on whose complement (x,y) 1-^ Woo{x/y) is defined are lines with algebraic slopes. (The 
lines are of the form x = ry, where r goes through the roots of /(r) = 0.) It follows that 
the limit (j7.16p is an algebraic number. □ 

Let us finish by showing that a certain phenomenon first noted over Q ([I]) appears over 
general global fields as well: a family of quadratic twists can have constant root number. 

Corollary 7.6. Let K be a global field of characteristic 7^ 2,3. Let E be an elliptic curve 
given by a Weierstrass equation y^ = j;^ + ax + 6, a,b £ K . Let Et be as in Proposition 



7.51 Then there is a polynomial f G K[T] \ iK[T]y such that t ^ W{Ej^fj) is a constant 



map on K\ {zeroes of f in K^. 

Here K[T] \ {K[T]f is the set of elements of K[T\ not in {K[T]f . 

Proof. By Proposition 17.31 it will be enough to construct a polynomial / G L[[r] \ {K[r\y 
such that f{t) G K^^ for every v £ S and every t £ K such that f{t) ^ 0. (Here 5 is a 
finite set of places of K, as in Proposition 17.31 ) 
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Suppose first that is a function field. We are assuming already that the characteristic 
of K is not 2. Thus, the residue field characteristic of every localisation of K will be 
different from 2. Hensel's Lemma then tells us that f{t) is a square in K* if and only 
if v{f{t)) is even and /(t)7r~^(-^(*)) is a square in the residue field of K^. (Here vr is any 
uniformiser of K^.) 

Let be max^^s ^v, where Nv is the cardinality of the residue field of K^. Then 
modv for every v £ S for which v{t) = 0. Assume first that p ^ 5. Then 
f{t) = sHp"-^ + 4? is the polynomial we desire: when v{t) = 0, the residue of f{t) modv 
is a square, namely, 3^ + 4^ = 5^, and v{f{t)) is an even number, namely, 0; when 
v{t) > 0, the residue of f{t) is a square, namely, 4^, and v{f{t)) is again 0. When 
v{t) < 0, v{f{t)) is the even number (p" — l)v{t), and the residue of /(t)7r~^(-^(*)) is equal 
to the residue of 3'^{t ■ 7r-^(*))P"-i, which is a square. Thus, for every t G K*, Hensel's 
Lemma tells us that f{t) is a square in K*. Consider now the case p = 5. We choose 
f{t) = (9^ - 72)2tP"-i + (2 • 7 • 9)2, and proceed just as for p ^ 5. 

Suppose now that K is a number field. Define m = 2'^5^- J3pg^(A^p — 1), where we choose 
the positive integer k to be large enough for the following argument to work. Define f{t) = 
^2^™, _|_ Then, for every non-archimedean place v whose residue field characteristic is 
not 2, 3 or 5, the value f{t) is a square in K* for every t G K, hy the argument used in 
the function-field case. The same argument works for residue field characteristic 5, and 
- provided that k > 1 - for characteristic 3 as well. In the case of v with residue field 
characteristic 2, Hensel's lemma tells us that x £ K* is a square whenever v{x) is even and 
r^^-v{x) -g ^ square modulo p^, where vr is a uniformiser of v and p is the prime ideal of v. 
Since 2^|m, we can ensure that t"^Tr~'"(^"^) = (tTr"*'^*^)'" = 1 modp' for / arbitrarily high by 
setting k sufficiently large. If K = Q, then / = 7 is large enough for t'^vr^'"^*'") = 1 modp' 
to imply f{t) = 1 modp^; in general, I = 7deg(i^/Q) is certainly sufficiently large. We 
set k high enough for us to obtain this /, and conclude that f{t) is then a square in 
K*. It remains to check the archimedean places. For v real, f{t) = + 4? is always 
positive, and hence a square in R. Every number is a square in C, and so f{t) e Kf for 
V complex. □ 



7.3. Averaging almost-finite products. The following propositions will be needed 
when we find the averages of the root numbers of families that are not simply quadratic 
twists of a fixed curve, yet lack multiplicative reduction. 

Recall that, when we write Lemma 0.0{^ (P)), we mean that the lemma is conditional 
on hypothesis ^ for the polynomial P{t). All the hypotheses we shall ever refer to were 
described in §2.21 

Proposition 7.7 {£/i{B)). Let S be a finite set of places of Q. For every v £ S, let 
Qy : Qy — > C 6e a bounded function that is locally constant almost everywhere. For every 
p ^ S, let hp : Qp ^ C be a function that (a) is locally constant almost everywhere, (b) 
satisfies \hp{x)\ < 1 for all x. 

Let B{t) G Z[f] be a non-zero polynomial. Assume that hp{x) = 1 whenever Vp{B{x)) < 
2. Let 

(7.17) W{n) = llgy{n)-l[hp{n). 

v&S p^S 

Then 



(7.18) 
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where, if oo ^ S, then Cqo = 1, and, if oo £ S, then is the value goo{x) takes for all x 
positive and sufficiently large. 

Proof. Let M be a large integer. We know from Prop. 17.11 that 
(7.19) avz Jj5'f("') • ^"(""^ ^ "^"^ ■ n / 9p{x)dx ■ / hp{x)dx, 



p<M 



pes- 



p<M 



since all products in the expression are finite. We must show that each side of (|7.19l) tends 
to the corresponding side of (|7.18p as M — > oo. 

For every p, the number of solutions t modp'^ to B{t) = modp^ is bounded indepen- 
dently of p (by Hensel's lemma). Hence, for p fixed, the number of integers n < N such 
that p^\B (n) is 

<C ^ + 1. 

It follows that the number of integers n < N such that p'^\B{n) for some p between M 
and \/iV (inclusive) is 

m<p<Vn m<p<Vn 

By hypothesis i2^i(-B(t)), the number of integers n < such that p^|i?(n) for somep > \/]V 
is o{N). We conclude that the number of integers n < N such that p'^\B{n) for some p > M 
is 

Since hp{n) = 1 for all p such that p^ \ B{n), it follows that 



O 



X] n • n ~ X n ^vi^) ■ n ^^(^"f 

n<Nv£S p^S n<NveS p(^S 

p<M 



0(^)+o(A'). 



and so 



avz W{n) - avz 



n 



p<M 



I 



The expression 0(1/M) tends to as M ^ cxd. 

Now let us examine the right side of (j7.19p and compare it to the right side of (j7.18p . 
What we need to show is that 



(7.20) 



lim I I / hJx)dx = 1. 



pis 

p>M 



Recall that the number of solutions t modp^ to B{t) = modp^ is bounded. Recall also 
that |/ip(x)| < 1 for all x E Zp and hp{x) = 1 when v(B{x)) < 2. Hence 



hp(x) = 1 - O , „ 
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Therefore 



n f hp{x)dx =iiU-o 



p^S P>M 
p>M 



E- 



l-O > ^ =1-0 



1 

M 



The expression 1 — O (-p-) tends to 1 as M ^ oo. We have shown (j7.2Up . and thus we are 
done. □ 

Proposition 7.8 Let S be a finite set of places of Q. For every v £ S, let 

^j, : Qj, X Qj, — > C 6e a bounded function that is locally constant outside a finite set of lines 
through the origin. For every p ^ S, let hp : Qp x Qp C be a function that (a) is locally 
constant outside a finite set of lines through the origin, (b) satisfies |/ip(x,y)| < 1 for all 
x,y e Qp. 

Let B £ '^[x,y] be a non-zero homogeneous polynomial. Assume that hp{x,y) = 1 
whenever Vp{B [x , y)) < 2. Let 

W{x,y) = Y{gv{x,y) ■ hp{x,y). 

v&S p^S 

Then 

^'^l?,coprime W{x, y) = Coo • JJ ^ _^ I 9p{x, y) dxdy ■ JJ „^ / hp{x, y) dxdy, 

pes ^ ''^p Pis ^ •'^p 

where Op = {Zp x Zp) \ {pZp x pZp), Coo = 1 if oo ^ S, and 

rN rN 



Coo = lim , / / goo{x,y) dxdy 

if oo £ S. 



Sketch of proof. Proceed just as in the proof of Prop. 17.71 - using Prop. 17.21 instead of 
Prop. [7m Rather than the fact that the number of solutions t modp^ to P{t) = modp^ 
(P a non-zero polynomial) is bounded independently of p, we need the fact that the 
solutions (x, y) G to P{x, y) = modp^ {P a non-zero homogeneous polynomial) lie on 
a bounded number of lattices of index p'^. (Both facts are easy consequences of Hensel's 
lemma.) □ 

7.4. Families without multiplicative reduction. In this subsection, we shall consider 
a family ^ of elliptic curves over Q with = 1, i.e., an elliptic curve over Q(t) without 
any places of multiplicative reduction. We wish to compute the averages 

avzPF(<f(t)), iWQW{^{t)). 

The root number W{S'(t)) was described in Theorem 16.61 Since Mg{x,y) = 1, there is 
no factor of the form \{Mg{x,y)) in ()6.19p to give us cancellation. Thus, the averages of 
W{(^{x/y)) will usually be non-zero. 

7.4.1. The average of the root number in families without multiplicative reduction. Recall 
that Bg{x,y) is the product of the polynomials corresponding to the places of quite bad 
reduction, and that M^(x, y) is the product of the polynomials corresponding to the places 
of multiplicative reduction. (See (j2.ip .') We will be examining the case when Mg = 1, i.e., 
the case of families without multiplicative reduction. 
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If we are looking at averages over Z, we only need Mg{x, 1) = 1 for all x, as opposed 
to M^{x, y) = 1 for all x, y. The families with M^(x, 1) = 1 for all x are the families that 
have no places of multiplicative reduction other than, possibly, the place corresponding to 
the valuation deg(den) — deg(num). 

Proposition 7.9 {s^i{B^{x,l))). Let S he an elliptic curve overQ{T). Assume that S 
has no places of multiplicative reduction overQ(T), other than, possibly, the place o/Q(r) 
corresponding to the valuation deg(den) — deg(num). 
Then 

(7.21) avz Wi^it)) = Coo • n / 9pix, l)dx ■ / hp{x, l)dx, 

where S, and hp are as in Thm, \6. (A and c^o is the value taken by goo{x,l) for all 
sufficiently large x. Moreover, the integrals gp{x,l)dx and hp{x,l)dx are rational 
numbers. 

Remark. Here as in Prop. \77f\ the infinite product Ilp^s /z hp{x,l)dx is absolutely 
convergent. (In other words, it is like Ylpi^ — 1/p^), not like Ylp{^ — 1/p)-) 

This is so because (as stated in Thm. 16. 6p hp{x,l) = 1 whenever p'^ f B^{x,l). For 
every prime larger than a constant, the congruence Bg{x, 1) = modp^ can hold only for 
0(1) congruence classes x modp^; hence the integral /^^ hp{x, l)dx is 1 + 0(l/p^). Thus, 

the infinite product is absolutely convergent, just like Jlpll + oi' Y\.p{^ ~ ^Ip^)- 

Proof. By Theorem 16.61 the functions x i— > gv{x, 1) and x ^ hp{x, 1) are locally constant 
almost everywhere. Moreover, Theorem 16.61 states that hp(x) = 1 whenever Vp{B{x)) < 2, 
and|/ip(x)| < 1 otherwise. Apply Prop. 17.71 The integrals gp{x,l)dx and hp{x,\)dx 
are rational by Cor. 15.71 □ 

Proposition 7.10 {£^2{Bg)). Let S be an elliptic curve overQ(T). Assume that S has 
no places of multiplicative reduction over'Q{T). 
Then 

(7.22) avQ VF(2;, y) = Coo • T— ^— 2 / gp{x,y) dxdy Yi , ^ -2 [ hp{x,y) dxdy, 

pes ^ ''^p Pis ^ ''^p 

where S, g^ and hp are as in Thm. \6.(A Op = (Zp x Zp) \ (pZp x p'Lp), Coo = 1 if 00 ^ S, 
and 



1 



(7.23) Coo = lim tttttto / / goo{x,y) dxdy 



N^oo (2iV)2 J_jy 



N rN 



N 



if 00 £ S. Moreover, the integrals HpeS /o dpi^^v) dxdy, Hp^s /o ^p{x-,y) dxdy are 
rational, and Coo is an algebraic number. 

Remark. Here, much as in Prop. 17.8^ the infinite product Hp^s lo ^pi^iV) dxdy is 
absolutely convergent. 



Proof. Immediate from Theorem 16.61 and Prop. 17.81 

The integrals JlpeS /o 5p(^' y) dxdy, Hp^s Jo v) dxdy are rational by Cor. 15.101 

The function goo{x,y) is locally constant outside the union of finitely many lines through 
the origin; by the remark after Theorem 16.61 these lines have algebraic slopes. Since 
9oo{x,y) takes only the values {—1, 1}, the integral (17.231) defining Coo is algebraic. □ 
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7.4.2. Averages over function fields. The analogues of £/i and over function fields are 
knowr@ ([27], p6]). Thus, the function-field analogues of Propositions [7l9l and iTTOl should 
be unconditional. The most natural ordering here for the purposes of averaging is probably 
simply the ordering by degree: given a field K = ¥q(T) with integer ring = Fg[T], and 
given a function f : K ^ C, define 

avfff{x)= lim V f{x) 

xe¥g[T] 
deg{x)<n 

and 

^^x,y&q[T]: deg(a;), deg(j/)<n, x, y coprime fi-^/y) 



avi^ f{t) = hm 



n^oo \{x,y G Fq[T] : deg(x), deg(y) < n, x, y coprime} | 

With these definitions, the proofs of the analogues of the results in ^7.31 and ^7.41 should 
then go through much as before. 

7.5. Products with cancellation. The following propositions will be needed when we 
find the averages of the root numbers of families with multiplicative reduction. 

The main ideas of the proofs are already contained in Propositions 17.11 and 17.71 which 
address a somewhat different situation. We will work in a little more generality than there, 
in that we will determine averages over arithmetic progressions and over lattices, rather 
than just over Z and Q. (We could have done the same there, though essentially the same 
goal would be fulfilled by a reparametrisation.) 

Proposition 7.11 {£/i{B)). Let S be a finite set of places of Q. For every v € S, let 
dv '■ Qv C be a bounded function that is locally constant almost everywhere. For every 
p ^ S, let hp : Qp ^ C be a function that (a) is locally constant almost everywhere, (b) 
satisfies \hp{x)\ < 1 for all x. Let B{t) £ be a non-zero polynomial. Assume that 
hp{x) = 1 whenever Vp{B{x)) < 2. 

Let a : 7j ^ C be a function such that 

(7.24) ava+mi. a{n) = 

for every arithmetic progression a + mTL. Assume moreover that \a(n)\ < 1 for all x. Let 

(7.25) Win) = Ylg,{n)-llhp{n)-ain). 

Then 

(7.26) ava+mz W{n) = 
for every arithmetic progression a + mZ. 

Proof. Let M be a large integer. Let a + mZ be an arithmetic progression. We will show 
that 

ava+mz Y\_ 9v{n) ■ Y[ hp{n) • a(n) = 0. 

p<M 

Equation (17.260 will then follow as M — > oo, by the same argument as in Prop. 17.71 



The assumption of separability in [S^ is made unnecessary by the argument in [26], §7. The same 
argument suffices to show that there is no contribution from inseparable places to the infinite products 
below: given an irreducible, inseparable polynomial / G there are only finitely many irreducibles 

vr G Fq[u] such that 7r^|/(f) has solutions in -FljM. Various other proofs of the same are possible [6]. 
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We can define S' = {S U {p ^ S : p < M}} and Qp = hp for p £ S' \ S. We must prove 
that 



ava+mz JJ gv{n) • a(n) = 0. 



veS' 



We now proceed as in the proof of Prop. 17.11 For each p £ S' , let S'p C Qp be the finite 
set of points of Qp at which gp{x) is not locally constant. We cover S'p by open balls whose 

We let Rp = Qp\ Xp. (Here Rp stands for "regular set"; it 



union Xp has measure < -mr 



is a set on which gp{x) is everywhere locally constant.) We define 

p{n) 



1 if ip{n) G Rp for every p £ S' , 
otherwise. 



Then, as in the proof of Prop. 17. H 

ava+mZ Y[ 9v{n) ■ a{n) = ma+mi p{n) JJ gv{n) ■ a{n) + 0(e). 



vdS' 



Now Rp is compact, and thus can be covered by finitely many balls Upj on which gp 
is constant. (Since goo{x) = Cqo for all x larger than a constant, we do not need to worry 
about what happens at the infinite place v = oo.) It will be enough to show that 



/ 



lim 

N~*oo 



\ 



N/m 



\ 



E 

n<N 
nda+rnL 



Y[ gv{n)a{n) 



veS' 



I 



for every choice of j = {jp}pe5'. In other words, we are partitioning the progression a+mZ 
into sets of the form n (a + mZ), where 

= {n G Z : Vp G S*' Lp(n) G C^pjp} 

for some choice of indices j, and we would like to see that the average of gpiji) ■ a{n) on 
each such set is 0. Now, gp{x) is constant on Upj^, and so we must just show that 



(7.27) 



lim 

N^oo 



\ 



N/m 



\ 



E 

n<N 
neZjn{a+mZ) 



an 



for every possible choice of indices j. As we saw at the end of the proof of Prop. lTTTl the set 
is an arithmetic progression, and hence (a + mZ)nZ-^ is either an arithmetic progression 
or empty. If it is empty, (I7.27P is trivially true; if it is an arithmetic progression, ()7.27p is 
true by the assumption (j7.24p that a{n) averages to on every arithmetic progression. □ 



Given a function / : Z^ 
we define 



(7.28) avsn(a+L) 



coprimc 



/ 



, a lattice coset a + L C Z^ and a sector 5 C (see ^3.6p . 

^{x,y)£Sn{a+L)n[-N,N]'2: gcd{x,y)=l /(^' V) 



lim 



N^^ \{{x, y) G 5 n (a + L) n [-N, N]^ : gcd(x, y) = 1}| 
This is just like definition (j2.3p . with the condition gcd(x, y) = 1 added. 
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Proposition 7.12 {j^2iB)). Let y he a finite set of places of Q. For every v G =5^, let 
dv '■ Qv X Qv C be a bounded function that is locally constant outside a finite set of lines 
through the origin. For every p ^ =5^, let hp : Qp x Qp — > C 6e a function that (a) is locally 
constant outside a finite set of lines through the origin, (h) satisfies \hp{x,y)\ < 1 for all 

Let B G he a non-zero homogeneous polynomial. Assume that hp{x,y) = 1 

whenever Vp{B{x,y)) < 2. Let a : Z x 7, ^ C be a function such that 

(7.29) aVsn{a+L),coprime O!{x,y)=0 

for every sector S and every lattice coset a + L such that {{x,y) £ L : gcd(x,y) = 1} is 
non-empty. Assume moreover that \a{x,y)\ < 1 for all x. Let 

W{x, y)= Yi 9v{x, y) ■ W hp{x, y) ■ a(x, y). 

Then 

(7.30) aVsn(a+L),coprjme W{x, y) = 
for every sector S and every lattice coset L. 

We could remove the word "coprime" from both ()7.29p and (I7.30p : the statement and 
the proof would still be correct. However, we need the word "coprime" in ()7.30p for our 
applications. After we are done with the proof we are about to go through, we will see 
how to remove the word "coprime" from ()7.29p without removing it from (I7.30p . 

Proof. We will proceed just as in the proof of Prop. 17. IH with the only difference that we 
shall borrow from Prop. [7^2] rather than from Prop, mi 
Let M be a large integer. It will be enough to show that 

a^5n{a+L), coprime 

JJ gy{x, y) ■ hp{x, y) ■ a{x, y) = 0. 

Equation (j7.30p will then follow as M — > oo, by the same argument as in Prop. 17.71 or 
Prop. ES 

We can define y" = {p ^ ^ : p < M}] and Qp = hp for p e We must 
prove that 

(7.31) 

aVsTi (a+L) , coprime 

n 9v{x,y) ■ a{x,y) = 0. 

Each function is locally constant outside a finite set of lines in Q^, x We cover 
these lines by a set defined as the union of sufficiently narrow sectors (that is, angles) 
around the lines. The number of integers —N < x,y < N in an angle e in = is 
0{eN'^). Hence, if we take care to make each sector of X^o of width < e, 

|{-iV <x,y<N:{x,y)e X^}\ = 0{eN^). 

Let us now consider v finite. Then X^ consists of a union of sets of the form {{x^y) G 
Q„ X : x/y G -Bp}, where Bp is a ball in Qp of area < e. Now, if the ball Bp has 
area 1/p^, the set {(x,y) G Qt, x Q^, : x/y G Bp} is a lattice coset a + L, where L has 
index p^ . The number of —N < x,y < N in a lattice coset a + L where L has index p^ is 
(1/p^ + o(l))(2iV)2. Hence 

\{-N <x,y<N:{x,y)€ X,}\ = 0{eN^). 

Thus, the total contribution of all sets Xy to (|7.3ip is 0(e) (where the constant depends 
on S, ,y and L). 
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Much as in Prop. I7.1H we define Ry = Qy \ Xy, 

1 if Ly{x, y) G Ry for every v G S^' , 



p{x,y) 



otherwise. 



We have shown that 

n 9vix,y)aix,y) P{x,y) Y{ 9v{x,y)a{x,y) + 0{e). 

For each v £ =5^', the function Qy is locally constant on Ry. The set i?oo £ is the 
union of the closure of finitely many disjoint sectors {Uooj}', since sectors are connected, 
Qoo is constant on each sector. For each p £ =5^', the set Rp is compact; thus, it can be 
covered by finitely many p-adic balls Upj in Qp n Qp on each of which gp is constant. We 
must now show that, for every choice of indices j, the average of 

n 9v{x,y) ■ a{x,y) 

on each set of the form 

(7.32) {{x, y) £ SnSjn{a + L)n {aj + Lj) n [-N, Nf : gcd(x, y) = 1} 

is 0. (Here Sj is a sector Sj = Uocj as above, whereas Lj is the intersection of preimages 
i^p^iUpjj^) of p-adic balls Upj^ as above (one per prime p G 5^'^ under the injection 
ip : Z X Z ^ Qp X Qp; since every preimage i-p^iUpj^) is a lattice coset, the intersection 
Lj = rip(^y'i^p^{Upjp) is itself a lattice coset.) The product Yivey 9v{x,y) is constant on 
each set (|7.32p . and condition (j7.29p assures us that a{x,y) averages to on every set of 
the form (j7.32p . Hence we are done. □ 

We should now prove that we can remove the word "coprime" from (j7.29p . Let us first 
prove an easy preparatory lemma. 

Lemma 7.13. Let aA- L (Z 1? be a lattice coset. Assume that {(x,y) G a + L : gcd(a;,y) = 
1} is non-empty. Then, for any sector S, 

(7.33) ^hrn^ (^1^^"^' v)^Sr^{a + L)r^ [-N, Nf : gcd(x, y) = 1}| 
exists and is non-zero. 

By the definition of sectors ()3.6p , all sectors are non-empty. 

Proof. We will prove something stronger and more explicit: 
1 

w'"'So (2iV) 



hm 7tt^|{(:e, y) G 5 n (a + L) n [~N, Nf : gcd(x, y) = 1}| 



(7.34) 



where 



1 

72.^] 11 V- -p' 11 



n (1--.) n 



|5n[-iv,iv| 

hm 



(7.35) 



_ Jo if (a + L)npZ2 = 

^ \ [z'^:l\ {a -\- L) n pi? is a coset of a lattice Lp C 
Now that we know that we have to prove this, the rest is very easy. 
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Let M he a large integer. Then the right side of (j7.34p is 



p<M p<M 



whereas 

|{-iV <x,y <N :3p> M such that p\gcd{x,y)}\ = O ( + ^ ) ' 



(7.36) jim j^^^\{{x,y) £ Sr\{a + L)r\[-N,Nf : ip\x V p\y)yp< M}\ 



and so 

\{{x, y) GSn{a + L)n [-N, N]^ : gcd(x, y) = 1}| 

= \{{x,y) £Sn{a + L)n [-N,Nf : {p \ x V pfy) Vp< M}| 

+ o(— + -]-N\ 
\M N J 

Hence, it will be enough to show that 
1 

7v"^So (2iV) 

equals 

n n (i-^v- 

p<M p<M 

Let 

Jo if (a + L)nmZ2 = 

™ \ (a + -Z^) n mZ^ is a coset of a lattice C Z^. 

Now 

\{{x,y) E5n (a + L) n [-iV,iV]2 : (pfx V pty)Vp< Af}| 

= ^ /i(m) • {(2;,y) G STl (a + L) n [-iV,iV]^ : m|x Am|y} 

m 

(7.37) p\m^p<M 

= E • • (2A^)^c„, 

p|m=>p<M 

where we are using ()7.10p . For m square-free, 

Cm — Cp . 

p\m, 

Hence (j7.36p equals 

WTT] ■ n (1 - ^p)- 

J p<M 

Now, given two lattice cosets a + L, a + L' with coprime indices [Z^ : L], [Z^ : L'], their 
intersection is a lattice coset of index [Z^ : L] • [Z^ : L']. Hence (by (|735|) ^ 

1 

for |[Z^ : and so we are done. □ 
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Remark. We do not particularly care about the rate of convergence in (j7.33p : otherwise 
we would have proven Lemma 17.131 differently. For a discussion on how to do things 
efficiently (from the point of view of rates of convergence), see appendix [Al (Actually, 
proving Lemma 17.131 efficiently is fairly easy; taking care of other similar issues elsewhere 
in the paper is a harder problem. See also |18., §3], where this sort of issue is dealt with 
at length.) 

Lemma 7.14. Let / : — > C he a hounded function. Let S" C he a sector. Suppose 
that 

(7.38) av5n(a+L) / = 
for every lattice coset a + L. Then 

(7.39) ^^Sr^(a+L),coprime / = 

for every lattice coset a + L such that {(x,?/) G a + L : gcd(x,y) = 1} is non-empty. 

Sketch of proof. By Lemma 17.131 the denominator implicit in the average in (I7.39P is 
3> A*"^. Hence, it is enough to show that 

hm ^|{(x, y) G 5 n (a + L) n [-N, Nf : gcd(x, y) = 1}| = 0. 

Using (j7.38p . we can prove this just like we proved Lemma [7. 131 first we fix a large integer 
M (which we will let go to oo at the end), then we show (exactly as before) that the 
difference between 

|{(x, y) G S n (a + L) n [-A^, Nf : gcd(x, y) = 1}| 

and 

(7.40) \{{x,y) e Sr\{a + L)r\[-N,N]^ ■.{p\x V p\y)'ip<M]\]\ 

is 0(1/M), then we express (|7.40|) as a sum of the form Ylim /^("i) • • • as in (I7.37P - and, 
lastly, we use Ij^T^ instead of dTTUj) . □ 

7.6. Families with multiplicative reduction. It remains to prove the main theorems. 
Recall that, given a function / : Z ^ C, "/ has strong zero average over the integers" 
means that 

aVa+mZ /(n) = 

for every arithmetic progression /(n). For / : Q ^ C, "/ has strong zero average over the 
rationals" means that 

avQ,sn(a+L) 5 = 

for every sector S" C and every lattice coset a + L C 1? . Lastly, for f : 1? ^ "/ has 
strong zero average over Z^" means that 

avsn(a+L) 5 = 

for every sector S C and every lattice coset a + L C Z^. See also ()7.28p . 

Recall as well that, when we write Theorem 0.0 (X(P), 2)((5)), we mean a theo- 
rem conditional on hypotheses X and 2} in so far as they concern the objects P and Q, 
respectively. The polynomials Bg and Mg were defined in (j2.ip : they are the polynomi- 
als describing the places at which a curve S over Q(T) has quite bad or multiplicative 
reduction, respectively. 

Main Theorem 1 {s^i{Bg{t,l)), J^i{Mg{t,l))). Let S he a family of elliptic curves over 
Q. Assume that Mg{t, 1) is not constant. Then 1 1— > W{£'{t)) has strong zero average over 
the integers. 
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Proof. Immediate from Theorem 16.61 and Prop. [7?TT] with a{x) = X{Mg{x, 1)). Condition 
fr24]) is furnished by hypothesis ^i{Mg{x, 1)). □ 

Main Theorem 2 {£/2iBg), ^^2{Mg)). Let he a family of elliptic curves over Q. 
Assume that Mg is not constant. Then t W{S{t)) has strong zero average over the 
rationals. 

Proof. Immediate from Theorem 16.61 and Prop. ET2] with a{x,y) = X{M^{x,y)). (Use 
Lemma [7. 141 to prove condition ()7.29p using hypothesis ^J^2{Mg).) □ 

One can go in the other direction: if the average root number of a family is zero, then 
we can prove hypothesis for the associated polynomial Mg. 

Proposition 7.15 {s^i{B^{t,l))). Let S he a family of elliptic curves over Q. Assume 
that Mg{t, 1) is not constant. 

Suppose that t i— > W{(^{t)) has strong zero average over the integers. Then hypothesis 
^^i(M£-{x,l)) holds, i.e., A(M^(x,l)) has strong zero average over the integers. 

Proof. Equation (j6.19p in Theorem 16.61 states that 

(7.41) W{<^{x/y)) = g{x, y) ■ h{x, y) ■ \{Ms{x, y)). 

Since the left side is never zero, the expressions on the right side are non-zero for all but 
finitely many rationals x/y. (Equation (j6.19p is valid for all but finitely many rationals.) 
This implies that 

(7.42) A(M^(x, y)) = {g{x, y))-' ■ {h{x, y))"' ■ W{^{x/y)). 

Now apply Prop. EH] with a{x) = W{(^{x)). □ 

Proposition 7.16 [£^2{Bg)). Let S" he a family of elliptic curves over Q. Assume that 
Mg is not constant. Then ^%2{Mg{x,y)) holds, i.e., \{Ms{x,y)) has strong zero average 
over 1? . 

Proof. Again, ()7.4ip implies ()7.42p . Now apply 

A(M^(x,y)) = (<?(x,y))-i • {h{x,y))-^ ■ W{S{xly)). 
Now apply Prop. WA% with a[x^y) = W {S{x^yY). We obtain that 

(7.43) av5nL,coprime A(M^(x, y)) = 0. 
Since A is completely multiplicative and Mg is homogeneous, 

\{Mg{mx,my)) = X{m'^)X{Mg{x,y)) 

for all m, x, y, where d = deg(M^). Summing over all m < M, M large, we deduce from 
j^T^ that 



X{Mg{x,y))= M"^)A(m^) • o(iVV 

{x,y)(^Sr\Lr\[-N,N]'^ l<m<M 
gcd{x,y)<M 

= o{N'). 

Thenumber of pairs {x,y) £ STlLn^iV, iV]^ such that gcd(x, y) > M is OiN"^ /M)+0{N). 
We let A*" — > oo and obtain 

av5nL A(M^(x, y)) = 0(1/M) + o(l). 

Since M can be set to be arbitrarily large, we are done. □ 



''In other words, assume that has at least one point of multiphcative reduction over 
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In general, hypothesis is very difficult to prove. The state of knowledge on the 
subject was static for over a century. It was then proven for polynomials of degree 3 by 
the author ([20], [T9]; the latter paper builds on work by Friedlander and Iwaniec [llj 
as well as Heath-Brown [E]). Hypothesis =^2 has recently been proven for products of 
four linear factors by Green and Tao [HI (using methods related to their proof of the 
existence of arbitrarily long progressions in the primes). It is possible that Green and Tao 
(or their associates) shall soon prove =^2 for products of more than four linear polynomials 
in Z[x,y]. Further progress in the near future seems unlikely. 

Hypothesis M\ is even harder. It has been known for degree 1 for more than a hundred 
years, but it is extremely improbable that it will proven for any (square- free) polynomials 
of degree > 2 in the near future: such a task would be of the same difficulty as proving 
the twin prime number conjecture. 

To summarise: (a) the main theorems assert the truth of general results on root numbers 
under the assumption of standard conjectures in analytic number theory (hypotheses 

(b) thus, these general results are unconditionally true in the cases in which these 
conjectures are known to be true; (c) if the results on numbers were proven unconditionally 
for some more cases, then one of the harder conjectures (^1 or =^2) would follow in a case 
in which it is not yet known. (In (c), one of the easier conjectures (=e^^ ) is assumed; recall 
that the easier conjectures are known for all polynomials of degree < 3 (if j = 1) or degree 
<6 (ifi = 2).) 

It thus seems that the main theorems close the matter of averages of root numbers on 
one-parameter families for the while being. 

7.7. Some unconditional examples. It is a simple matter to construct a family S with 
Mg equal to a given square- free homogeneous polynomial in &Ky\x-,y\ up to multiplica- 
tion by a scalar. For example, if we want Mg = ^ 2^^, we may choose 

C4 = 1 - 1728(t^ 2), C6 = (1 - 1728(t^ 2))^ 



We then have 



^ = 1728 = + 2) • (1 - 1728(^3 + 2))3, 



and so the only place of multiplicative reduction over Q(T) is the one corresponding to 
^3 _,_ 2 g Q[r]. In other words, Mg = x^ + 2y^. 

In general, we can construct an elliptic curve (o over K[T) with given factors in the 
denominator of j. The factors in the denominator of j correspond to the places of K{T) 
where the reduction is either additive and potentially multiplicative or multiplicative. We 
can then apply quadratic twists to make places of additive, potentially multiplicative re- 
duction into places of multiplicative reduction, and vice versa, until we have multiplicative 
reduction exactly at the places we wish to have it, and at no other place. It is thus that 
we can find families S" with any given (square-free, homogeneous) Mg. 

Families with Mg given and C4, coprime are slightly harder to find. Here are some 
examples: 



C4 = 


2 + 4t + t2, C6 = 


l + 9t + 6t'^ + t^, 


Mg 


= {2x + 7y){x'^ + Axy + y'^), 


C4 = 


+ C6 = 


3 + 9t-6t^ + t^, 


Mg 


= 10x3 - 63x2y + 102xy'^ + y^, 


(7.44) C4 = 


4, C6 = 


u + t, 


Mg 


= y{x + 2,y){x + 19?/), 


C4 = 


3, C6 = 


2 + 7t, 


Mg 


= 2/(49x2 -K28xy-23y2), 


C4 = 


l+t, Cq = 


-l + 3t. 


Mg 


= xy(x - 3y). 


Since deg(M^ 


>) < 3 and deg{Bg] 


1 < 6 in all of these 


cases 


, Main Theorem 2 is unconditional 



for all of these families. 
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Appendix A. Rates of convergence 

We have computed averages over Z and Q, but we have not determined their rates of 
convergence. How do we show that - for famihes S for which we can determine the average 
avzW{S'{t) and avQW{(§'{t) unconditionally - the expressions 

1 H^(^(n)) = avzW^(^(t)) + o(l), 

l<n<Ar 

^{x,y)el-N,N]^:gcd{x,y)=lW{^{x/y)) 

-r- —- „ — r -TT = aVQ W{S [t)) + 0(1 j 

|{(x,y) e [-iV,iV]2 : gcd(x,y) = 1}| 

have small error terms o(l)? 

There are limitations imposed by the inputs: there are error terms implicit in hypotheses 
£/2, and and the cases of the hypotheses that are known are not always known 
with the best error terms they might have. For example, when I showed [20, Thm. 3.3] 
that av^a \{xy{x + y)) = 0, I showed, in fact, that 

' -N<x,y<N ^ ^ 

where the implied constant is absolute. It is quite probable that (jA.lh is still true if 
O (^ ^°\og%^ ^ is replaced by 0{N^^), (3 > small, but we are far from proving that. 

Putting the issue of the inputs to one side, we can see - if we go through the proofs in 
the present paper keeping track of the error terms - that there is one clearly non-trivial 
issue. The issue is the passage to the limit at the beginning of the proofs of Propositions 
17.71 and [7.111 (and their two-dimensional analogues, Propositions 17.81 and l7.12|) . 

This issue is not particular to the study of root numbers. It arises, for example, in the 
classical problem of determining the number of integers n < N such that f{n) is square- 
free (or free of factors that are feth powers, in general), where / is a polynomial. Say we 
know that 

(A.2) \{n<N: p'^\f{n) for some p > n°-^}| = 0(iV^"^), 

where /3 > 0. We would like to conclude that 

(A.3) \{n<N: f{n) is square-free} | = Cf N + 0{N^-^) + 0{N^~^'), 

say, where cj is a constant and /?' > 0. It turns out that one can in fact conclude this 
(with /3' = l/3 — e,e>0 arbitrarily small), but this is not very easy. If one were to do 
things in the obvious way, one would end up having an error term of 0(A^/(log N)) instead 
of 0(iVi-^'). 

The imphcation (IX2|) (|X3l) was proven in [18[ Prop. 3.4]. The issue is solved in full 
generality in [18l §3.2-3.4]. In particular, [18l Prop. 3.8 and 3.9] are explicit analogues of 
Propositions 17.71 and 17.81 in the present paper; they give explicit (and rather good) error 
terms. The main idea (namely, the optimised alternative to the passage to the limit at the 
beginning of the proof of Prop. 17. 7p is contained in a rather cryptic-looking general result 
[151 Prop. 3.2]. (The setup and proof of ^ISJ Prop. 3.2] were called a riddle; the term was 
meant to suggest a coarse sieve.) 

In general, |18[ §3] contains a great deal of what we did with much less work in ^7.H 
^7.31 and ^7.5[ The main difference is that, in [I8l §3], a great deal of effort was put into 
making all error terms explicit and good. (An unintended but predictable effect was the 
fact that [m §3] is a little hard to read.) If the results in ^7.11 ^7.31 and ^7.51 are replaced 
by those in [181 §3], one obtains analogues of Propositions 17.91 and 17.101 and of the main 
theorems with explicit error terms. As the inputs - namely, hypotheses £/j and - 
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do not always give good error terms themselves, the gains over what one would get by 
proceeding naively are not always large. 

Appendix B. A non-constant family with non-zero average root number 



A non-constant family S' is one where the fibres S'{t) are not all isomorphic to each 
other over C. Families of quadratic twists, for example, are not non-constant. There are 
known examples of (a) families of quadratic twists with ayiQW{S'{t)) ^ ([28]) and 
(b) non-constant families ^ with av^ W{S'{t)) = ([29j). In this appendix, we will see an 
example of a non-constant family (f with avQ W{£'{t)) ^ 0. 

We recall that one of our main results in the present paper was that avQ W{(^{t)) = 
for all families with places of multiplicative reduction, conditionally on two standard 
conjectures in analytic number theory. We also gave an expression (Prop. 17.101 (|7.22p ) 
for mQW{(o{t)) when has no places of multiplicative reduction. In the light of (j7.22p . 
it is unsurprising that there are non-constant families with no places of multiplicative 
reduction and avQ W{£'{t)) ^ 0. What follows serves as a completely explicit rendering of 
most of the arguments of the present paper - or, at least, of those in ^ we will also need 
the results in ^ 

The arguments in 21 will not appear here, as we engaged in them precisely in order to 
avoid explicit case-work. Since the family we will treat has no multiplicative reduction, 
the steps corresponding to ^will be exceedingly simple, though the key element (namely, 
quadratic reciprocity) will still be present (vd. equation (|B.20p ). 

It will be satisfying to see the infinite product of integrals in ()7.22p take a very concrete 
form, namely, equation ()B.33p . In general, we have shown that the p-adic integrals in 
(|7.22p are rational, and that the double integral in ()7.22p is algebraic; this is part of 
the statement of Prop. 17.101 The same method that we used to prove this can be used 
to provide an algorithm (long and tedious) to give (complicated) explicit expressions in 
terms of the definition of S' for all of the integrals in ()7.22p . 

The example we are about to see is actually fairly representative, though it is a little 
simpler than most other curves without multiplicative reduction would be. (This is why 
this example was chosen.) In our example, the expressions we will get for the integrals 
Yip^s lo ^pi^^y) dxdy depend only on the number of solutions in Z/pZ to 19 -|- llt^ -|- 
19t^ = modp ~ the integrals do not depend on p otherwise; an exception is made for 
p = 2,3, 7, 19, which will have to be treated separately. In general, for a family without 
multiplicative reduction, the integrals Hp^s lo ^pi^^ v) dxdy (for p outside a finite set of 
primes that have to be treated separately) depend only on the number of solutions in Z/pZ 
to each of the equations fi{x) = modp, where fi, f2, ■ ■ ■ , fk £ Z[a;] are fixed polynomials 
depending only on the definition of S'. 

B.l. The family (f. Preparatory work. Let us, then, construct a non-constant family 
S'/QlT] such that W{S'{t)) does not average to over the rationals. Set /i = —5 — 2T^, 
/2 = 2 -|- 5T^. Let be the elliptic curve over Q(T) given by the parameters 



OVER Q 



/l/2(/l - /l)^ 



C6 = 



^iff + miff - fif 



^ _ 

1728 



Here note that 



(B.l) 



ffit) 



flit) 



i flit) + f lit) f2it) + flit)){ flit) -hit)) 

-7(19 + iit^ + m'^){i + t^). 
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and 

ffit) + flit) = iffit) - h{t)h{t) + fimhit) + f2{t)) 

= 3^(13t'^ + 23tV 13)(t - + 1). 

Let us determine the sets and polynomials that were defined in ^6.2.3i The set of 
interesting places ^ consists of all places w of K{T) such that w{ci) ^ 0, w{c^) 7^ or 
w{lS) 7^ 0. In our example, 

^ = {w^/i,^^/2>w^t-i,'t«t+i,^^t2+i,^^i9t4+iit2+i9>'f^i3t4+23t2+i3;deg(den) -deg(num)}, 

where we denote by Wf the place of K{T) associated to an irreducible polynomial in i^'[T]. 
The homogeneous polynomials in Z[x,y] associated to these places (|2.1.ip are 

Pi = {-2{x/yf - 5) • = _2x2 - Sy^, 
(B.3) P2 = 5x2 + 2y2, P^ = x-y, P^ = x + y, P5 = + 

Pe = IQx"^ + + 19/, P7 = 13x'^ + 23x2y2 + i3y4^ Pg = y. 

The resultants Res(Pj, Pj), 1 < i < j < 8, have the following prime factors: 
(B.4) 2, 3, 5, 7, 13, 19. 

(For example, Res(P6,P7) = 2^ • 3^ • 7^ and Res(Pi,P8) = —5.) If we consider only Pj, 
Pj with 1 < i < J < 7 (that is, if we leave out the possibility Pj = Pg), the resultants 
Res (Pj,Pj) have only the following prime factors: 

(B.5) 2, 3, 7. 

We write 

C4(x/y) = Pi(x, y)P2(x, y)(P5(x, y) ■ Pe{x, y)fPsix, y)-^^ 
(B.6) ce{x/y) = ]^{P^{x,y)PA{x,y)Pj{x,y)) ■ {P5{x,y)P(s{x,y)f P^{x,y)-^\ 

A(x/y) = -2-H~\P^{x,y)P(,{x,y)fP^{x,y)-^\ 

Thus, the prime factors of the ideal defined in (|6.6|) are 2, 3, 5, 7, 13, 19. 

It is also worthwhile to note that the prime factors of the discriminant of every poly- 
nomial Pj, 1 < j < 8, are all contained in the set {2, 3, 7, 19}. 

We will look at the local root number of W{S{t)) at the places p = 2, 3, 5, 7, 13, 19, and 
then at all other places. 

B.2. Local root numbers. 

B.2.1. The root number at p = 2. Suppose first that V2{t) > 0. Then V2{fi{t)) = 0, 
V2{f2{t)) = 1, V2{f!{t)-fl{t)) = 0, V2iff{t) + fl{t)) = 0. Hence t;2(c4(t)) = 1, V2{ce{t)) = 
— 1, V2{A{t)) = —8. Since V2{cQ{t)) = — 1 < and V2{A) = —8 < 0, this cannot be an 
integral model. We set C4 = 2^C4, Cg = 2^cq, A' = 2^^ A. This model has 

^2(04) = 5, f2(c6) = 5, V2iA') = 4. 

This new model can be written as y"^ = x^ — 27c4 — 54c6; since all of the coefhcients of this 
equation are in Z3, the new model is integral. (A model is integral if it can be written 
down in (short or long) Weierstrass form with integral coefficients.) Since the model given 
by C4, Cg, A was not integral, the new model is a minimal integral model. 

Before we use \\.b\ Table 1], we must determine 2~'"'^^'^'^'^ cq = 2cq mod 8. Now fi{t) = 
-5 = 3 mods and v{f2{t)) > 0. Hence ff{t) - fl{t) = 3 mod 8 and /f(t) + /|(t) = 
3 mod 8. Thus 2cq = 1 mod 8. The second line marked III in |15l Table 1] now gives us 

W2i<^it)) = -1. 
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Suppose now that V2{t) = 0. Then V2{fi{t)) = (and fi{t) = 1 mod 8), V2{f2{t)) = 
(and f2{t) = -1 mods), V2{fKt) - /|(t)) = 1, ^2(/f (t) + /KO) > 3. Hence V2ici{t)) = 2, 
^2(c6(i)) ^ 5, f2(A(t)) =0. Suppose that this model were integral. By the transformations 
in [361 §3-1] (or any other standard text), C4(t) = 63 ~ 24^4 and 62 = Oi + 4a2, where ai, 
02 and 64 are parameters that are integers if the model is integral. Since f2(c4(t)) = 2 
and 8|24, we obtain ^2(^2) = 1, but, in view of 62 = + 4a2, this is impossible. The 
model cannot be integral. Let us pass to C4 = 2^C4(t), Cg = 2^CQ{t), A' = 2^^A(i), which 
is certainly integral (because it can be written as = — 27c4(i) — 54c6(i)) and thus 
minimal integral. The new model satisfies 

V2{c'^) = 6, V2ic'Q) > 11, V2{A') = 12. 

Since C4 = /i/2(/f - /l)^^ we have 

1 1 /l3-f-n3\2 
_c', = -c4(t)EEl.(-l). ^3mod4. 

Now the second line marked iii [13 Table 1] gives us W2{(^{t)) = — 1. 

Lastly, let us consider the case V2{t) < 0. Let k = —V2{t). Then f3(/i(t)) = —2k + 1, 
^^3(/2(t)) = -2k, vsiffit) - flit)) = -6k and vsiffH) + flit)) = -^k. Hence 

t'2(c4(t)) = -16A; + 1, ?;2(c6(t)) = -24A;- 1, W2(A(t)) = -48A: - 8. 

We set = (24^'+i)4c4(t), c'g = {2'^''+^ c^it) , A' = {2^^+'^)^^ A{t), and obtain that 

(B.7) t;2(c'4) = 5, 1^2(4) = 5, t;2(A')=4. 

This new model is given by the equation y"^ = — 27^ — 54||, which, by ()B.7p . has all 
of its coefficients in Z2. Hence the new model is (minimal) integral. 

A brief calculation gives 2~^c^ = 2'^^^^^CQ{t) = —1 mod 4. Now the second line from 
the top in [151 Table 1] gives us W2{S'{t)) = 1. 

We conclude that, for i G Q2, 



(B.8) W2{<^it)) 



ifv2{t) > 0, 
ifv2{t) < 0. 



B.2.2. The root number at p = 3. Let t G Q3. Suppose first that ^3(4) > 0. Then 
V3ifiit)) = 0, ^;3(/2(t)) = 0, and - since fi{t) = 1 mod 3 and ^(t) = 2 mod 3 - Vsifiit)^ - 
/2(i)3) = 0. On the other hand, because (-5)^+2^ = mod 9, we have t;3(/i(t)^+/2(t)^) > 
2. Therefore 

t;3(c4(t)) = 0, v-Mt)) > 2, V3{A{t)) = -3. 
Since W3(A) < 0, we see that this model is not integral at 3. If we set C4 = 3^C4(t), 
Cg = 3^CQ{t), A' = 3^'^A(t), we obtain a new model for the same curve. This model has 

(B.9) ^^3(4) = 4, ^;3(c6)>8, V3iA') = 9. 

This new model can be written as = — 27c4(t) — 54c6(t); since all of the coefficients 
of this equation are in Z3, the new model is integral, and, in particular, minimal integral. 

By [13 Table 20, an elliptic curve E with a minimal integral model given by parameters 
C4, Cg, A' satisfying (jB.Op has local root number W^i^E) = 1. Hence Ws{S'{t)) = 1 for all 
t e Q3 with V3{t) > (and, in particular, for all i G Q with V3{t) > 0). 

Suppose now that V3{t) = 0. Then t^ = 1 mod 3. Hence f3(/i(t)) = 0, V3{f2{t)) = 0, 
and - since fi{t) = 2 mod 3 and /2(t) = 1 mod 3 - U3(/i(t)^ - /2(i)^) = 0. On the other 
hand, because (-5 - 2 • 4)^ + (2 + 5 • 4)^ = mod 9 and (-5 - 2 • (-4))^ + (2 + 5 • (-4))^ = 



^ As was pointed out in [29] , the special condition C4 = 1 mod 4 should be added to line 3 in table 1 of 
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mod9, we have v-i{fi{t)^ + f2{t)^) > 2. Proceeding as before, we get that c'^ = 3^C4(t), 
Cg = 3^CQ{t), A' = 3"'^^A(t) give us a minimal integral model with 

V3{c'4)=^, V3{c'^)>8, V3{A')=9, 

and so, by the same entry in [15\ Table 2] as before, the local root number W3{E) at 3 is 
1. We have shown that Hence W3{^{t)) = 1 for ah t £ Q3 with vsit) = 0. 

Suppose, lastly, that V3{t) < 0. Let k = —V3{t). Then t'3(/i(t)) = —2k, f3(/2(i)) = 
-2k, V3{ff{t) - = -6k (since S^'' hit) = 1 mod3 and 32'=/2(t) = 2 mod3) and 

^^3(/f (*) + /!(*)) > + 2 (because (-2)^ + 5^ ee mod 9). Hence 

V3ici{t)) = -I6k, V3{cQ{t)) > -24:k + 2, V3{A{t)) = -ASk - 3. 

We set 4 = (S'^^+yciit), c'g = {S'^^+y ce{t) , A' = {3'^^+'^)^^A{t), and obtain that 

vsic'^) = 4, vsic'e) > 8, V3{A') = 9. 

The model given by C4, Cg and A' is a minimal integral model by the same argument as 
before. Hence, by the same entry in [15\ Table 2] as before, W3{S'{t)) = 1 for all t G Q3 
with V3{t) < 0. 
We conclude that 

(B.IO) Wsi^it)) = 1 

for ah t G Q3. 

* * * 

The remaining cases tend to be a little easier - it is very simple to tell what the reduction 
type is at a prime p ^ 2,3. Let us start by considering p = 7, since, among the cases that 
remain, it is the most complicated one. 

B.2.3. The root number at p = 7. Suppose first that V7{t) > 0. Then V'j[fi{t)) = 0, 
vj{f2{t)) = 0, vj{fl{t) - flit)) = 1, v-riffit) + flit)) = 0. Hence 

(B.ll) V7ic4it))=2, V7iceit)) = 3, vjiAit)) = 8. 

For valuations v at places of Q other than 2 or 3, the inequalities ^(04) > 0, f (cg) > 0, 
viA) > guarantee that the model is integral; the inequality f (A) < 12 guarantees that, 
if the model is integral, it is minimal integral. Hence our model (given by c^it), c^it), 
A(i)) is minimal integral at vj. By (jB.lip . the reduction type (see ^6.2.ip is additive and 
potentially multiplicative. We use (j6.3p and obtain that 

Wri<^it)) = (-1/7) = -1 

for ah t G Q7 with vjit) > 0. 

Suppose now that V7it) = 0, t # ±1 mod?. Then vjifiit)) = 0, V7(/2(t)) = 0, /i(t) = 
/2(i) mod?, and so vriffit) + /|(t)) = 0. By (|B3]), v-riffit) - /|(t)) = 1 + vjHb + it^ + 
5i'^)(l + i^)) = 1. We conclude that 

vric^it)) = 2, vjiceit)) = 3, v^iAit)) = 8, 

and so, as before, 

Wric^it)) = (-1/7) = -1 

for ah t £ Q7 with vyit) = 0, t ^ ±1 mod 7. 

Consider now the case of f7(t) = 0, t = ±1 mod 7. We get easily that vjifiit)) > 1, 
V7if2it)) > 1 and vjiffit) + /|(t)) > 3. Write t = 7s±l, s£Zp. Then 

(19 + llt^ + 19t^) = 7^(133s'' + 76s^ + 18^^ + 2s) + 7'^i-s'^ + 1). 
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Thus (see (|Bl^ ). if s ^ ±1 mod 7, 
(B.12) V'r{ff{t)-flit)) = 3, 

and then 

t^7(c4(t)) > 2 + 2-3 = 8, W7(c6(t)) > 3 + 3-3 = 12, W7(A(t)) > 8 - 3 = 24. 

We set 4 = (72)-4c4(t), c'g = (72)-6c6(t), A' = {7^)-'^^A{t). Then 

^;7(cl) > 0, V7{c'q) > 0, ?;7(A') = 0. 

This is a minimal integral model. (At a place p ^ 2,3, the model is integral if and only if 
Vp{c4) and Vp^ce) are both non- negative.) Hence the curve has good reduction at 7, and 
so 

W7{<^{t)) = 1 

for all t £ Qr with vjit) = 0, t = ±1 mod 7, t ^ ±7 ± 1 mod 49. 
Suppose now that s = ±1 mod 7. Then 

V7{ff{t) - flit)) > 4. 

On the other hand, a brief calculation shows that now V7{fi{t)) = 1, f7(/2(t)) = 1 and 
vriffit) + ffit)) = 3. Define k = vjiffit) - /|(t)). Then 

V7{c4{t)) >2 + 2- k, V7{ce{t)) >3 + 3- k, V7{A{t)) > 8 ■ k 

Hence, if k is even, the reduction of S'(t) is additive and potentially multiplicative, and so 

W{m) = (-1/7) = -1; 

if k is odd, the reduction of <^{t) is multiplicative, and so, by (j6.4p . 

W{c^{t)) = -((-7-^^(^«W)c6(t))/7). 

This is all about the particular case t = ±7 ± 1 mod 49. 

It remains to consider the case V7{t) < 0. Let k = —V7{t). Then W7(/i(t)) = —2k, 
V7{f2{t)) = -2k, V7{ff{t) + flit)) = -Qk, V7iflit) - flit)) = -6k + 1. Hence 

vjic^it)) = -16k + 2, V7iceit)) = -24:k + 3, W7(A(t)) = -48/c + 8, 

and so a minimal integral model has parameters c'^, Cg, A' with 

W7(C4(0) = 2, V7ic6it)) = 3, V7iceit)) = 8. 

Thus, the reduction of (#'(t) is additive and potentially multiplicative, and so 

wim) = (-1/7) = -1- 

We summarise: for t £ Q7, unless V7(t) = and t = ±1 mod 7, we have 
(B.13) W7i<^it)) = (-1/7) = -1. 

If V7it) = and t = ±1 mod 7, 



(B.14) W7i^it)) 



'1 a V7iuit)) = 3, 

(-1/7) = -1 if V7iuit)) > 4 and U7(n(t)) is even, 

_(_7-»'7{c6{t))cg(t)/7) if V7iuit)) > 5 and t'7(n(t)) is odd, 

where we define n(t) = (t) — flit). 
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B.2.4. The root number at p = 5. Assume first that v^{t) > 0. Then v^{fi{t)) = 1, 
V5{f2{t)) = 0, v^{fl{t) - flit)) = 0. Hence the reduction is good, and so W5((f (t)) = 1. 

Suppose now that W5(t) = 0. Then v^{fi{t)) = and v^{f2{t)) = 0. Since 19 + llt^ + 
19t^ = mod 5 has no roots in Z/4Z, (jB.lh impUes that 

V5{f!{t)-fl{t))=V5{l + t^). 

Now, W5(l+t^) > impUes t = ±2 mod 5, and this, in turn, imphes that W5(/f (t)) = 

0. Thus, the reduction is additive and potentiahy multiphcative if f5(/f (i) — /KO) is odd, 
and multiphcative if v^iffit) — is positive and even. By Prop. 16. H this means that 



W5{^it)) 



ifv5{f!{t)-fl{t)) = o, 

-1/5) = 1 if f5(/i (t) — /I (*)) is odd and positive, 

_(_5^5(c6(t))cg(i)/5) if v^iffit) - flit)) is even and positive 



for all t G Qs with v^it) = 0. 

Lastly, suppose v^it) < 0. Let k = — f5(t). Then v{fi{t)) = —2k, v{f2{t)) = —2k + 1, 
vifKt) + flit)) = -6A:, v{ff{t) - flit)) = -6k. Hence 

V5{c4{t)) = -IQk + 1, V5{c6{t)) = -24k, V5{A{t)) = -48fc. 

Thus, the reduction at p = 5 is good, and W{S'(t)) = 1. 
We conclude that, for all t E Q5, 

'-(-5-^5(c6(t))cg(i)/5) if v^iflit) - flit)) is even and positive, 
W^i^it)) = I (-1/5) = 1 if v^iflit) - flit)) is odd and positive, 

^1 iiv5if!it)-flit))<0. 

As we will later see, this is exactly the sort of thing that happens for every p outside the 
finite set {2,3,5,7,13,19}. 

B.2.5. The root number at p = 13. Assume first that vi^it) > 0. Then ^13(19 + llt^ + 
19t^) = 0, andsof(/f(t)-/|(t)) = vil + t^). livil+t'^) > 0, then i;(/i(t)) = 0, w(/2(t)) = 
and viffit) + flit)) = 0. Hence, the reduction at p = 13 is good if wi3(/f (t) - /|(t)) = 0, 
additive and potentially multiplicative if vi^iffit) — flit)) is odd, and multiplicative if 
visifiit) — flit)) is positive and even. By Prop. WA] this means that 

fl iivisiffit)-flit)) = 0, 

Wisi^it)) = < (-1/13) = 1 if vi3iffit) - flit)) is odd and positive, 

|^_(_13^;i3(c6W)cQ(t)/i3) if vuiffit) - flit)) is even and positive 

for all t G Qi3 with ^13(4) > 0. 

Assume, lastly, that visit) < 0. Let k = —vi^it). Then fi3(/i(t)) = —2k, fi3(/2(t)) = 
-2k, vMit)^ + /2(i)3) = -6k + 1, visifiit)^ - /2(i)3) = -6k. Thus, 

vic^it)) = -I6k, viceit)) = -24k + 1, t;(A(t)) = -48A;. 

Thus, the reduction at 13 is good, and so Wi^iS'it)) = 1. 
We conclude that 

'-(-13~^"(c6W)cg(t)/i3) if visiffit) - flit)) is even and positive, 
Wui^it)) = I (-1/13) = 1 if visiffit) - flit)) is odd and positive, 

^1 ■iivr3if!it)-flit))<0 

for all t S Qi3 with vi^it) = 0. Again, here as for p = 5, the behaviour of the local root 
number is as it is at a prime p ^ {2, 3, 5, 7, 13, 19}. 
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B.2.6. The root number at p = 19. Assume first that vig{t) > 0. Then Wi9(/i(i)) = 0, 
vi9{f2{t)) = 0, v,g{ff{t) + flit)) = and (by ([11])) vig{ff{t) - flit)) = 1. Hence 

vMc^it)) = 2, Vig{c6{t)) = 3, Vig{A{t)) = 8. 

Thus, the reduction type is additive and potentially multipHcative. The root number is 
hence 

VFi9(<f (t)) = (-1/19) = -1. 

Suppose now that vig{t) = 0. Because —1 is not a quadratic residue mod 19, we know 
that viQ{ff{t) — flit)) = 0, and thus viQ{A{t)) = 0. At the same time, vig{ci{t)) > and 
vigifeit)) > 0. Hence, the reduction at 19 is good, and so Wig{S'{t)) = 1. 

Suppose now that viQ{t) < 0. Let k = —vig{t). Then viQ{fi{t)) = —2k, fi9(/2(i)) = 
-2k, vigiffit) - flit)) = -6k, vigiffit) - flit)) = -6k + 1. Hence 

vigic^it)) = -16k + 2, vigiceit)) = -2Ak + 3, vigiAit)) = -A8k + 8. 

Thus, the reduction type is additive and potentially multiplicative. We obtain 

Wigi^it)) = (-1/19) = -1. 

In general, we can now conclude. 



(B.15) Wigi^it)) 
for all t G 



if Vigit)^0, 
if 1'19(0 =0 



B.2.7. The local root number at a prime p ^ {2,3,5,7, 13, 19}. Assume first that Vpit) > 0. 
Let k = Vpiflit) — flit)). Since only primes in {2,3,5,7,13,19} can derive a resultant 
Res(Pj,-P,), 1 < i < i < 8 (see (|B.4p ). we conclude that, for A; > 0, 

Vpic4,it)) = 2k, Vpiceit)) = 3k, Wp(A(t)) = 8A;. 

Hence, the reduction at p is good if Vpiflit) — flit)) = 0, additive and potentially multi- 
pHcative if Vpiflit) — flit)) is odd, and multipHcative if Vpiffit) — flit)) is positive and 
even. Thus 



.(_pfp{c6W)cg(^i)/p) if Vpiflit) - flit)) is even and positive, 
-l/p)Mf!it)-flit)) otherwise 



Wpi^it)) = 

for all t € Tjp. 

Assume now that Vpit) < 0. Let k = —Vpit). Then 

vigiait)) = -16k, vwicGit)) = -24k, v^iAit)) = -A8k. 

Thus, the reduction at p is good, and so 

Wi<^it)) = 1 

for all t eQt with Vpit) < 0. 

We conclude that, for p ^ {2, 3, 5, 7, 13, 19}, 



(B.16) Wpic^it)) 



-i-p ''p(^«W)c6(t)/p) if Vpiffit) - flit)) is even and positive, 

(— 1/p) if Vpiffit) — flit)) is odd and positive, 

1 if Vpiffit)- flit)) <0 

for all t G Qp. As we saw before, this is also true for p = 5, 13. 
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(B.17) Wpi^it)) 



B.3. The global root number. We must compute the global root number 

V p 

Fhst, we separate what we may see as the "main term", speaking loosely. This is 
the contribution that each prime p / 2,3,7,19 would make if Vp{ff{t) - fl{t)) were 
< 1, as is the case for all but finitely many primes. For each prime p / 2,3, 7, 19 with 

vp{mt)-fi{t))<i, 

{—l/p) if Vp{ff{t) — /!(*)) is odd and positive, 
1 otherwise, 

by our case-work above. Thus, we would like to determine 

P7^2,3,7,19 

Mf!it)-fiit))>o 

for ah t G Q. 

Write t = j^, where io and ti are coprime integers. Then 

fht) - flit) = (-5 - 2ito/hff - (2 + 5{to/hff 

= }^.-7{mf + ntjtl + i94){tj + tl). 

''I 

Let 

P{x, y) = -7(19/ + lly\2 + 19x^)(y2 + x^). 
If p\y and p 7^ 7, 19, then, since x and y are coprime, 

(B.18) ?^p(7(19/ + llx^y^ + 19x^)(y^ + x^)) = 0. 

Hence, if Vp{P{tQ, ti)) > 0, then p \ ti. It follows that, for p / 7, 19, Vp{ff{t) - > 

implies Vp{fi(t) — = Vp{P{to,ti)), and, again for p / 7, 19, Vp{P{to,ti)) > implies 

vpifiit) - flit)) > and vpiffit) - flit)) = VpiPito^h)). Hence 

(B.19) V= Yl (-l/p)^^(^(*»'*^)^ 

p^2,3,7,19 

(In the notation we introduced in ^ (j5.7p . this can be rewritten as 

V = {-l\P{to,h))a, 

where d = 2 • 3 • 7 • 19.) 

Here comes a key step. By the quadratic reciprocity law. 



(B.20) JJi-i/pypiPito,h)) 

p^2 



1 if a = 1 mod 4, 
— 1 if a = — 1 mod 4, 



where a = Y\_p_^2'P"^^^^^°'''^'^^ ■ (Actually, what we need here is not the full law of quadratic 
reciprocity, but only the fact that {—l/p) = 1 if and only if p = 1 mod4.) 

Since to a-nd ti are coprime, they cannot both be even. If one of them is even, then 
2 \ P{tQ,ti), and so a is the absolute value \P{tQ,ti)\ of P{to,ti). In that case, 

\Pito,h)\ = 7(194 + 1144 + 19t^)(t2 + 4) 

= 3(34 + 344 + 3to)(*i + *o) mod 4 
= 1 mod 4. 
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Thus, by ^M), 

when exactly one of to, ti is odd and the other one is even. 

Suppose now that to and ti are both odd. Then tf + = 2 mod 4, and so \P{to,ti] 
2 mod 4. Now 

\Pito,h)\ _ 7(19^4 ^ iit^tf + 19^4) + 4 



= 3{3ti + 3tltl + 34) ■ 1 mod 4 
= 3 mod 4. 

Thus, by ^M), 

JJ(_l/p)-p(^{*o,ti)) = _i 

when are both odd. 

Looking back at ()B.19p . we see that 



P7^2,3,7,19 p=3,7,19 p^2 

(B.21) 



-1 if to, ^1 are both odd 
otherwise. 



p=3,7,19 

We can now write 

w{m) = -ll^p{m) 

=- n ^p(^w)- n ^p('^w) 

p=2,3,7,19 p^2,3,7,19 

(B.22) =- n ^.i^)^ n p^^-" 

^ ^ p=2,3,7,19 p^2,3,7,19 ^ ' 

p=3,7,19 

Wpi^it)) f-1 if to, h are both odd 



,n.^7n 



c, 7 1Q (^(*o,ii)) I 1 otherwise. 

P7=2,3,7,19 V 



We define 



— 1 ii X, y are both odd 
1 otherwise. 



9oo{x,y) = — 1 for ah X,?/ G M, 
(B.23) g2{x,y)=W2{<^{x/y)) 

gpix, y) = Wp{S{x/y)) ■ {-l/pyviPi-^v)) for p = 3, 7, 19. 

and 

(B.24) M.,y)- '^^<^<"' 



(^-l/pYp{P{x,y)) 
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for p 7^ 2,3,7,19. By (|B.17p and the discussion after (|B.18p . hp{x,y) = 1 whenever 
f P{x,y). We now rewrite ()B.22p as follows: 

W{^{x/y))= n 9v{x,y)- n ^p(^'y)' 

dG{oo, 2,3,7,19} p^{2,3,7,19} 

p2|P(x,j/) 

for all coprime x, y, where P{x,y) = — 7(19y^ + lly^x^ + 19a;^)(y^ + x^). This is simply 
a special case of Thm. 16. 6| ()6.19p . 

Why could we not have simply invoked Thm. 16.61 .'' Theorem 16.61 does not give explicit 
expressions for g^j and hp. We have found and hp in our example by, in effect, following 
the proofs of Prop. 16.31 Prop. 16.51 and Thm. 16.61 

The functions gv, hp are given by the expressions in ()B.23p and (IB.24p . combined with 
the work we did before on local root numbers. Let us now make these expressions more 
explicit. It is here that the results of the lengthy casework in §B. 21 finally enter. 

Let us first look at p = 2. For x and y coprime, V2{x/y) > if x is even and y is odd, 
V2{x/y) = if they are both odd and V2{x/y) < if x is odd and y is even. Hence, by 
(fM and dEM]), 



(B.25) g2{x,y) 



— 1 if X is even and y is odd, 
1 otherwise. 



Let us now look at p = 3. By ([BTO]) and ([R23]) . 

53(x,y) = W^3(<^(x/y)) • (-l/3)-3(P(x,y)) ^ (_i/3).3(P(x,s/)). 

A brief examination suffices to show that v^{P{x,y)) = for all coprime x, y, and so 

(B.26) gz{x,y) = l 

identically for all coprime x, y. 

Consider now p = 7. A brief calculation shows that vi{P{x, y)) = f7(— 7(19y^ + lly^x^ + 
19x^)(y2 + x^)) = 1 + V7{l9y^ + 11^2x2 + 19x4). If V7{l9y^ + lly'^x'^ + 19x4) = 0, then, 
by (IET§3]) and (|BT3l) . 

(B.27) gr{x,y) = Wri^ix/y)) ■ {-l/7y^(P^-^y)) = (-1) . (-1) = 1. 

Suppose that vj{19y'^ + lly^^^ -|- 19x4) > 0. Then vj{x/y) = and x/y = ±1 mod 7. 
Write x/y = 7s ±1, s £ Zp. If s ^ ±1 mod 7, we are in the case of equation ()B.12p . and 
so 

(B.28) gr{x,y) = Wji^ix/y)) ■ {-l/7y^(P^-^y)) = (1) . (-1) = -1. 

If s = ±1 mod 7, then vj{P{x,y)) > 4, and so, by ()B.14p . 

(B.29) gj{x,y) = Wj{S{x/y)) ■ (-l/7)-^(^(-'f)) = (-1) • (-l)-^(^(-.f)) = -1 

if VT{P{x,y)) is even, 
(B.30) 

g7ix,y) = Wji^ix/y)) ■ (-l/7)^^(-P(^'2^)) = -(-7"^^('=«(^/J'»C6(x/y)/7) • {-l)MPi^,y)) 
= (-7-''^(^«(^/j'))c6(x/y)/7) 
if vj{P{x,y)) is odd. 

Lastly, let us look at p = 19. Looking at P(x, y) = —7(19y^ + lly'^x'^ + l9x^){y'^+x'^),we 
see that vig{P{x, y)) = 1 if either 19|x or 19|y (and x and y are coprime) and viq{x, y) = 
if 19 t X and 19 f y. Hence, by (lBl5l) and (IBT2^ . 

(B.31) 5i9(x,y) = T^i9(^(x/y)) • {-l/l9y^^(P(-^y)) = 1. 
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Having examined the functions Qp, p G {2,3,7,19}, we now look at the functions hp, 
p {2, 3, 7, 19}. By (IbIgI) and ([EM]), 
(B.32) 

Wp{S'{x/y)) _ j -{p-''p^''<^^'-'/y^'>CQ{x/y)/p) if Vp{P{x,y)) is even and > 2, 



hp{x,y) 



.l/p^'"p{P{x,y)) I I otherwise. 



B.4. Computing p-adic integrals. By (lR25l) . (|B?26]) and (|R3T]) . 

g2{x,y)dxdy = ^, 
O2 4 

1 f .... 1 



93{x,y)dxdy = Area(03) = 1 - / gi9{x,y)dxdy = 1 

Recall that Op = (Zp x Zp) \ (jiLp x pZp). 

Before looking at the integral Jq^ gj{x,y)dxdy oi g'j{x,y), let us look at the integral of 
K{x,y), P / 2,3,7, 19. 

If p2 t P{x, y), where P{x, y) = -7(19/ + lly'^x'^ + 19x^)(x2 + y^), then hp{x, y) = 1. 
Assume p'^\P{x,y). We consult the short list (IB.SP of prime factors of determinants 
and conclude that p \ Pj{x,y) for every 1 < j < 7, j ^ 5,6, where the polynomials 
Pj are as in ()B.3p . The assumption p'^\P{x,y) also implies that Vp{x/y) = and so 
p f Ps{x,y) = y. We thus see from ()B.6P that, for (a;,y) G Op with p^\P{x/y) and 
modp given, the quantity p''"^^^'^^''^/^^^ cq{x /y) modp equals a constant in (TLjpTLY 
times p~'^'"viP'^^ly^^y) p[x jy, Vf mod p. In particular, {p''"^^'^^'^^/^^'^ cq{x /y) /p) equal a con- 
stant G {-1,1} times {p-''i>(Pi^/y^))p{x/y,l) modp. Let /(t) = P{t,l). 

Since p 7^ 2,3,7,19, the discriminant of / is not divisible by p. Then (or, for 

that matter, p\f{t)) implies p \ f'{t). Hence, for t such that Vp{t — to) > Q for some root 
to of / = 0, 

f{t) = f{t){t-to) + gm-to)\ 

where v{g{t)) > 0, and so 

p~Mt)f(^t) = /'(t) •p-^'' (t - to) modp. 
It follows that, as t ranges over all values of t E Qp with Vp{t — tg) given, the integral of 
{jp~'"p^^) f (t) / p) is 0. (Here we are using the fact that X]a=i('^/-P) ~ 0.) Since p\ Disc(/), 
the roots to of / = are not congruent to each other modulo p, and so the integral of 
[p~^p^*^ f [t] / p) over all t such that Vp{f{t)) = k {k > arbitrary) is zero. 

Hence, the integral of {p~'"p'^^^^^^'^^'^CQ{x/y)/p) modp over all pairs (x,y) G Op with 
Vp{P{x,y)) = k, k given and positive, is 0. Working from (|B.32l) . we see that, for p 7^ 
2,3,7,19, 

/ hp{x, y) = Area(Op) - • J] P'^^"" ~ P~^^ 

■^^P k>2 

k even 

_2^ p-^l-p-^) 

where Op is the number of roots of /(t) = in Qp. Since p \ Disc(/), ap equals the number 
of roots of the equation 

(19t^ + llt^ + 19)(t2 + 1) = modp 

in Z/pZ. 

We can now go back to p = 7. It is much the same story, only that, since p does divide 
Disc(/), we need to treat Vp{f{t)) positive and small as a collection of special cases - and 
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that is exactly what we did in ^B.2.31 (Because |?|Disc(/), some of the roots tj, tj of 
f{t) =0 are close to each other: v(ti — tj) > 0. We saw in §B.2.3l that the roots are 
not very close to each other: there are four distinct roots ti, t2, t^, ^4, and they satisfy 
v{ti - tj) is 1 or 2 for all 1 < z < j < 4.) 

Looking at ([R27l) - ([R30]) and working as we did for hp, we see that 

/ g7{x,y) = 1 . (1 - - 2(1 - 7-1)7-1) + (-1) • (2(1 - 7~')7-\l - 2 • 7-')) 

+ (-1) • 4(1 - 7-1)7-2 • (1 - 7-1)7-'= 

fc>0 
k even 

+ • 4(1 - 7-1)7-2 • ^ (1 - 7-1)7-^= 

fc>0 
k odd 

= (1 - 2 • 7"i + 7-2) + (-1) . (2 . 7-1 - 6 • 7-2 + 4 • 7-3) 

1^2^ 



+ (-!)• 4 ^ . J-2 



1-7 

1 - 4 • 7-1 + 7 • 7-2 - 4 • 7 

1 — 7 ^ 

171 32 • 19 



,3 4(1 - 7-1)27- 



343 73 

Lastly, recall that, by ()B.23p . goo{x,y) = — 1 identically. 

B.5. Conclusion. We can now apply Proposition 17.81 (Our polynomial 

= (19/ + 117/2x2 + 19x^)(y2 + x2) 

is a product of irreducible polynomials of degree < 4. Thus, by [18], Prop. 4.12, hypothesis 
s^2{Bg) holds, and thus Proposition 17.81 holds unconditionally.) We obtain 

1/4 1 - 1/9 171/343 1-1/192 



avQTy(^r(x/y)) = -1- 

n 



1-2-2 1 _ 3-2 i_ 7-2 I _ 19-2 

l-p-2-a,^(l-p-i) 



1 — p 

P7^2,3,7,19 ^ 



I.e., 



(B.33) ^.^W{S{x/y)) = -^- \{ (l - a / . ) , 

p^2,3,7,19 ^ \ P ) / 

where ap is the number of roots of the equation 

(19t^ + 11*2 _^ -^g^)(^^2 + 1) = modp 

in Z/pZ. 

Numerically, 

(B.34) avQ W{S{x/y)) = -0.15294 . . . 

We can compare this asymptotic result to the average of W{S{x/y)) over all ratio- 
nals x/y, gcd(x,y) = 1, < A^. A program running on SAGE gives an average of 

-0.15529 ... for A^ = 500 and an average of -0.155428 for A^ = 1500. 
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Appendix C. Two-parameter families 

Every elliptic curve E over Q can be written in the form E : = + ax + b, with 
a, h integral. Thus, the most natural two-parameter family of elliptic curves over Q is 
S" : (a, b) 1-^ (y^ = x^ + ax + b). Unfortunately, the problem of averaging the root number 
over that family ^ seems to necessitate solving an open case of the parity problem; to 
put a remark in |37j . §1, in the language of this paper, we would in all likelihood need to 
show that A(a^ — b^) averages to zero as a and b vary over Z. In the face of [11], one may 
think that showing as much is not completely out of reach, but, as of now, proving that 
A(a^ — b^) averages to zero presents, at the very least, some serious technical difficulties, 
and thus remains open. 

We can, however, give unconditional statements for some other two-parameter families. 
Consider the elliptic curves of the form S'{a, b) : = x{x + a){x + b) for a, 6 E Z. This 
family is of some interest, as every semisimple elliptic curve over Q with full rational 2- 
torsion (Z/2Z)^ is isomorphic over Q to S'{a^ b) for some a,b £ We can, in fact, assume 
that gcd(a,6) is square-free, as S {ap^ ^bp^) is isomorphic to S'{a,b). 

We will now show that W{(^{a,b)) averages to zero. Here a, b will go through all 
non-zero integers with gcd(a, 6) = 1. The condition gcd(a, 6) = 1 is there for the sake of 
simplicity; the same methods would suffice to compute the average over all a, 6 G Z with 
some more work. 

The proof will give us another opportunity to use one of the cases of the parity problem 
solved in [20]: for a, b varying over the all integers with gcd(a, b) = 1, the expression 

{a\b) ■ X{ab{a - b)) 

averages to zero. Here {a\b) = Ylp^i, p oddi'^ / pY^^'^^ ^ where (•/•) is the quadratic reciprocity 
symbol: {a/p) = 1 if a G (Q;)^, {a/p) = 1 if a G Qp \ (Q;)^. 

Recall that the Liouville function A is defined by A(n) = rip(— l)*'''^'^''. We write rad(n) 
for the radical rad(n) = Hpi^p of an integer n. 

Lemma C.l. For any a, 6 G Z non-zero and coprime, the elliptic curve Ea^b : = 
x{x -|- o)(x -|- b) satisfies 

^M=- n n CM- n (-«*) 

-|^^ ' p\b,p odd p\o., p odd p\{b—a),p odd 

■ n (-1). 

p\{abia-b)) 

where W{E) is the (global) root number and W2 is the local root number at 2. 

Proof. A model of the form y^ = x^ -\- C2X2 + CiXi + Co is minimal at an odd prime p 
if m.mj=Q i 2{vp{Cj)) = 0. (This is so because the passage from a model of this form to a 
long Weierstrass form (and vice versa) is integral over p odd; see [36, §111.1].) Since a and 
b are coprime, the model y"^ = x{x + a){x + b) = + (a + 6)x^ + abx is minimal at every 
odd prime p. 

Let p be an odd prime. We see from our minimal model = x{x + a){x + b) that the 
curve £^a,6 has good reduction at p if p f ab{a — b), and multiplicative reduction at p if 
p\ab{a — b). Suppose, then, that p\ab{a — b). The reduced curve Ea^b over Z/pZ is given 
by = x^(x + b) for p\a, by = x'^{x + a) for p\b, and by y^ = x{x + a){x + a) for 
p\b — a. Hence, for p odd, the reduction is split iff 6 is a square mod p (for p\a), iff a is 
a square mod p (for p\b), iff —a is a square mod p (for p\b — a). Since Wp{Ea^b) = — 1 
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when the reduction is spht, and Wp{Eab) = 1 when it is not, the statement fohows by 
WiE) = -UpWpiE). ' □ 

Let us simphfy (IC.ip a httle. First of ah, we notice that 

n n ^^/py n (-"Z^^) 

p|fe, podd p\a, p odd p|{6— a),podd 

= n (a/pY^'^^''-^ ■ Yl {h/pf"^''^-^ ■ W i-a/pY^^^-"^-^ 

p^|fe, podd p2|a, podd p^|(fe— a), p odd 

• (a|6) • (6|a) • {-a\h-a). 
By (I5.14P (essentially a form of the law of quadratic reciprocity) , 

{h — a\ — a) f a,b\^^ f a,b\~^ 



{—a\b — a) \ oo 

where is the quadratic Hilbert symbol (see (|5.12|) ). (What will matter is that, by 

()5.12p . (a, 6) 1-^ (^^) depends on a and b only modulo {K*Y.) Now 

{b — a\ — a) = {b — a\a) = {b\a). 
Since (6|a) = ±1, it follows that 

(a|6) • (6|a) • {-a\b - a) = {a\b) ■ {b\a) ■ {b\a) ( ^) ■ f — ' 



oo 

a, b\ ~^ / a,b\ ^ 



OO y \ 2 
Lastly, since a and b are coprime, 

Yl (-1) = X{ab{a - 6)) • Jl (^-iypWa-b))-\ 

p\{ab{a-b)) p^\{ab{a-b)) 

Therefore, ()C.ip implies that 

p^|o, podd p^|a, podd 

(C-2) . -Q (^_g^/pyp{b-a)-l . -Q ^_-^yp{ab{a-b))-l 

p-^|(6— a), p odd p'^\{ab{a—b)) 

■ {a\b)X{ab{a - b)). 

Proposition C.2. For a,b £ 7^ coprime, let Ea^b denote the curve = x{x + a)(x + b). 
Let C be a sector and a + L C 7^"^ a lattice coset. Then 

'^'^Sn (a+L) , coprime 

Remark. Recall that the average 8iysn{a+L),copnmeWiEa,b) is defined to be 

j.^ Z](a,b)eSn(a+L): gcd(a.b)=l WjEg^b) 

N^oo \{{a, b) e Sn{a + L) : gcd(a, 6) = 1}| ' 

Here the two terms W{Eq^i) and W{Eifi) are ill-defined (since Eq^i and Ei^ are singular 
curves); this is irrelevant, as their contribution goes to as ^ oo. 
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Proof of Proposition [TTR The curve = x{x + a){x + b) is an elliptic curve whenever 
a,b ^ 0. Thus, by Proposition 14.21 the map (a, 6) ^ W2{Ea^b) is defined and locally 
constant everywhere on (Q2 \ {0}) x (Q2 \ {0}). Hence, (1021) can be rewritten in the 
following form: for all non-zero, coprime a, 5 G Z, 

W{Ea,b) = {go.{a,b)-g2{a,b))- [] hp{a,b) ■ {a\b)X{ab{a - b)), 

p odd 

where goo ■ (M\{0}) x (M\{0}) { — 1, 1} is everywhere locally constant, 52 : (Q2\{0}) x 
(Q2 \ {0}) — > {—1, 1} is everywhere locally constant, and hp is a function from Qp x Qp 
to {—1,1} that (a) is defined and locally constant on the complement of the lines x = 0, 
y = 0, X = y in the plane Qp x Qp, (b) satisfies hp{a, b) = 1 when \ ab{a — b). 

(Explicitly, goo{a,b) = (^)"' and 52(^,6) = (^) " ^2(^,6)-) 

We can now apply Proposition 17.121 with a(x,y) = {a\b)\{ab{a — b)) and B(x,y) = 
xy{x — y). Since xy{x — y) is a product of linear factors, hypothesis £/2{B{x,y)) is true 
(and easy to prove). Condition (j7.29p of Proposition 17.121 requires that 

(C.3) av5n(a+L),coprime(a|&)A(a6(a - 6)) = 

for all sectors S and all lattice cosets a + L; this is true by Proposition 5.1 of [20]. □ 



[2 

[3; 

[5 

[7; 

[9 

[10: 
[11 

[12 
[13 
[14 
[15 

[16 
[17 

[18 
[19 
[20; 

[21 

[22 



References 

Cassels, J. W. S., and A. Schinzel, Selmer's conjecture and families of elliptic curves, Bull. London 
Math. Soc. 14 (1982), 345-348. 

Chowla, S., The Riemann hypothesis and Hubert's tenth problem, Mathematics and Its Applica- 
tions, Vol. 4, Gordon and Breach Science Publishers, New York-London-Paris, 1965. 
Connell, I., Calculating root numbers of elliptic curves over Q, Manuscripta Math. 82 (1994), 
93-104. 

Conrad, B., K. Conrad, and R. Gross, Prime specialisation in genus 0, Trans. Am. Math. Soc. 
360 (2008), 2867-2908. 

Conrad, B., K. Conrad, and H. Helfgott, Root numbers and ranks in positive characteristic, Adv. 
Math. 198 (2005), 684-731. 

Conrad, B., and K. Conrad, personal communication. 

Deligne, P., Les constantes des equations fonctionelles des fonctions L, Modular Functions of One 
Variable, II, SLN 349, Springer- Verlag, New York, 1973, 501-595. 

Dokchitser, T., and V. Dokchitser, Root numbers of elliptic curves in residue characteristic 2, 
Bull. London Math. Soc. 40 (2008), 516-524. 

Erdos, P., Arithmetical properties of polynomials, J. London Math. Soc. 28 (1953), 416-425. 
T. Estermann, Einige Satze iiber quadratfreie Zahlen, Math. Ann. 105 (1931), 653-662. 
Friedlander, J., and H. Iwaniec, Asymptotic sieve for primes, Ann. of Math. (2) 148 (1998), 
1041-1065. 

Granville, A., ABC allows us to count squarefrees, Internat. Math. Res. Notices 1998, 991-1009. 
Greaves, G., Power-free values of binary forms, Quart. J. Math. Oxford 43(2) (1992), 45-65. 
Green, B., and T. Tao, Linear equations in the primes, arxiv:math/0606088 

Halberstadt, E., Signes locaux des courbes elliptiques en 2 et 3, C. R. Acad. Sci. Paris Ser. I 
Math. 326 (1998), 1047-1052. 

Heath-Brown, D. R., Primes represented by a;^ + 2j/^, Acta Math. 186 (2001), 1-84. 

Heath-Brown, D. R., and B. Z. Moroz, On the representation of primes by cubic polynomials in 

two variables, Proc. London Math. Soc. (3) 88 (2004), 289-312. 

Helfgott, H. A., On the square-free sieve. Acta Arith. 115 (2004), 349-402. 

Helfgott, H. A., The parity problem for irreducible cubic forms, submitted. 

Helfgott, H. A., The parity problem for reducible cubic forms, J. London Math. Soc. 73, no. 2 
(2006), 415-435. 

Kisin, M., Local constancy in p-adic families of Galois representations, Math. Z. 230 (1999), 
569-593. 

Kobayashi, S., The local root number of elliptic curves with wild ramification, Math. Ann. 323 
(2002), 609-623. 



ON THE BEHAVIOUR OF ROOT NUMBERS IN FAMILIES OF ELLIPTIC CURVES 



65 



[23] Manduchi, E., Root numbers of fibers of elliptic surfaces, Compositio Math. 99 (1995), 33-58. 
[24] Miller, S. J., One- and two-level densities for rational families of elliptic curves: evidence for the 

underlying group symmetries, Compositio Math. 140 (2004), 952-992. 
[25] Neukirch, J., Algebraic number theory, Springer- Verlag, Berlin, 1999. 

[26] Poonen, B., Square-free values of multivariable polynomials, Duke Math. J. 118 (2003), 353-373. 
[27] Ramsay, K., Square- free values of polynomials in one variable over function fields, Intemat. Math. 

Res. Notices 1992, 97 102. 
[28] Rizzo, O. G., Average root numbers in families of elliptic curves, Proc. Amer. Math. Soc. 127 

(1999), 1597-1603. 

[29] Rizzo, O. G., Average root numbers for a non-constant family of elliptic curves, Compositio 
Math. 136 (2003), 1-23. 

[30] Rohrlich, D. E., Variation of the root number in families of elliptic curves, Compositio Math. 87 
(1993), 119-151. 

[31] Rohrlich, D. E., Elliptic curves and the Woil-Deligne group. Elliptic curves and related topics, 

125-157, CRM Proc. Lecture Notes 4 AMS, Providence, RI, 1994. 
[32] Rohrlich, D. E., Galois theory, elliptic curves, and root numbers, Compositio Math. 100 (1996), 

311-349. 

[33] Rohrlich, D. E., personal communication. 

[34] Serre, J.-P., and J. Tate, Good reduction of abelian varieties, Ann. of Math. (2) 88 (1968), 
492-517. 

[35] Silverman, J. H., Heights and the specialization map for families of abelian varieties, J. Reine 

Angew. Math. 342 (1983), 197-211. 
[36] Silverman, J. H., The arithmetic of elliptic curves, Springer- Verlag, New York, 1985. 
[37] Wong, S., On the density of elliptic curves, Compositio Math. 127 (2001), 23-54. 
[38] Young, M., Low-lying zeroes of families of elliptic curves, J. Amer. Math. Soc. 19 (2006), 205-250. 
[39] Young, M., Lower-order terms of the 1-level density of families of elliptic curves. Int. Math. Res. 

Not. 2004, 587-633. 

Mathematics Department, University of Bristol, Bristol BS8 ITW, United Kingdom 
E-mail address: h.andres.helfgottQbristol.ac.ui 



